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Abstract We build the two dimensional Gross-Neveu model by a new method 
which requires neither cluster expansion nor discretization of phase-space. It 
simply reorganizes the perturbative series in terms of trees. With this method 
we can for the first time define non perturbatively the renormalization group 
differential equations of the model and at the same time construct explicitly 
their solution. 

I Introduction 

The popular versions of renormalization and the renormalization group in 
field theory are based on differential equations (among which the most famous 
one is the Callan-Symanzik equation). However no non-perturbative version 
of these differential equations has been given until now. 

On the other hand the renormalization group in statistical mechanics, for 
instance for spin systems after the works of Kadanoff and Wilson, relies on 
closely related but discretized equations. When block spinning or other dis- 
cretization of momentum space is used, the result is a discretized evolution 
of the effective action step by step. This point of view, in contrast with the 
first one, has led to rigorous non perturbative constructions for various mod- 
els which have renormalizable power counting [R], but the methods always 
involved some discretization of phase space and the outcome is a discrete 
(not differential) flow equation. Furthermore, the rigorous discretization of 
phase space came with a price, namely the use of some technical tools such 
as cluster or Mayer expansions which are neither popular among theoretical 
physicists nor among mathematicians. 
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The proposal of Manfred Salmhofer to build a continuous version of the 
renormalization group for Fermionic theories [S] is therefore very interesting 
and welcome. Indeed Fermionic series with cutoffs are convergent (in contrast 
with Bosonic ones, which are Borel summable at best), and the continuous 
version of renormalization group which works so well at the perturbative level 
should therefore apply to them. 

In this paper we realize the Salmhofer proposal on the particular example 
of the two-dimensional Gross-Neveu model. We rearrange Fermionic pertur- 
bation theory according to trees, an idea first developed in [AR2], perform 
subtractions only when necessary according to the relative scales of the sub- 
graphs, and obtain (to our own surprise, quite easily) an explicit convergent 
representation of the model without any discretization or cluster or Mayer 
expansion. To prove the convergence requires only some well-known pertur- 
bative techniques of parametric representations ("Hepp's sectors"), Gram's 
bound on determinants and a crucial but rather natural concatenation of 
some intervals of integration for loop lines. 

Therefore we can now consider that constructive theory for Fermions has 
been "reduced" to perturbation theory. Remark also that since the represen- 
tation we use is an "effective" representation in the sense of [R], hence with 
subtractions performed only when necessary according to the relative scales 
of the subgraphs, we never meet the so called problem of "overlapping diver- 
gences" or classification of Zimmermann's forests. In this sense constructive 
renormalization is easier than ordinary perturbative renormalization (which, 
from the constructive point of view, is flawed anyway because it generates 
renormalons) . 

Having an explicit convergent representation of the theory with a continu- 
ously moving cutoff, it is trivial both to define the continuous renormalization 
group equations which correspond to the variation of this cutoff and, at the 
same time, to check that our explicit representation is a solution of these 
equations. 

Remark however we have not yet found the way to short-circuit our rep- 
resentation and to prove that the equations and their solutions exist by a 
purely inductive argument a la Polchinski [P] which would avoid an explicit 
formula for the solution. This is presumably possible but this question as 
well as the extension to other models, in particular to interacting Fermions 
models of condensed matter physics, is left for future investigation. It is also 
important to recall that we do not see at the moment how to extend this 
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method to Bosons, since there are no determinant and Gram's bound for 
them. 



II Model and Main Result 

We consider the massive Gross- Neveu model GN 2 , which describes N types 
of Fermions. These Fermions interact through a quartic term. Actually, the 
GN 2 action also requires a quadratic mass counterterm and a wave function 
counterterm in order for the ultraviolet limit to be finite. Therefore the bare 
action in a finite volume V is (using the notations of [FMRS]): 



JV JV a 

+5m / d 2 x [^2'ip a (x)if; a (x)] + 5( / d 2 x [J2^p a (x)i @ip a (x)] 

where A is the bare coupling constant, 8m and d~( are the bare mass and 
wave function counterterms, and a is the color index: a = 1,...,N. The 
action and the power counting of the GN 2 model are like the ones 

for the Bosonic <p\ theory, except that, unlike the latter, the GN 2 theory is 
asymptotically free for N > 2, a condition which we assume from now on. 
The free covariance in momentum space is 

c£(p) = (— =^(4^) ( n -2) 

where 7, 5 are the spin indices, and a, b are the color indices. Most of the 
time we skip the inessential spin indices to simplify notation. The mass m 
is the renormalized mass. To avoid divergences, according to the notations 
of [KKS] we introduce an ultraviolet cut-off Ao and (for later study of the 
renormalization group flow) a scale parameter A which plays the role of an 
infrared cutoff: 



Ca°(p) = C(p) 



I (p 2 +m 2 ) \ / (p 2 +m 2 ) 

v — -v 



A 2 
Ji () 



(II.3) 



The cutoff function rj might be any function which satisfies 7/(0) = 1, which 
is smooth, monotone and rapidly decreasing at infinity (this means faster 
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that any fixed power). For simplicity in this paper we restrict ourselves to 
the most standard case rj(x) = e~ x . In this case both C A ° and its Fourier 
transform have explicit so called parametric representations: 

C A °(p) = [ A y + m) e- a ^ 2+m2) da 
J a- 2 

Cfr(x-y) = 7T [ K ~ 2 ( l (±lJl + ™) e -am"-|*-v|V4« da ( IL4 ) 



We define now the connected truncated Green functions, also called vertex 
functions, which are the coefficients of the effective action. The partition 
function with external fields £, £ is 

Z AA °(£,£) = J dfi c , (i;^)e- s ^) + <^>+<^> 
<?/>,£> := f d 2 xi>(x)i(x). (II.5) 
The vertex function with 2p external points is: 

*V°({v},{*}) := r^^,...,^,^,...,^) (11.6) 

- - - ^ - - - (o^r° -^(c^)- 1 ^)) 

V^oo 8€(z 1 )..8S(z p )8S(yi)..8Z(y p ) v 



where F(£) =< £, C^°£ > is the bare propagator, and color indices are 
implicit. These functions (in fact distributions) form the coefficients of the 
effective action (expanded in powers of the external fields) at energy A with 
UV cutoff A . Developing the exponential in Z and attributing prime and 
double prime indices respectively to the mass and wave function counterterms 
we have: 



oo i oo / i \ n+n'+n" 



4 A °tt) = Ei E * ,;„„,„ E (*)" (*»)"' («0"" (n.7) 

p=0^- n,n',n"=Q '<<■'<<■'<>■ a^cA 

L 



d 2 y 1 ...d 2 y p d 2 zi...d 2 z p d 2 x 1 ...d 2 x n d 2 x[ . . . d 2 x' n , d 2 x'[ . . . d 2 x" n „ J[ ^ ( ^ ) £ Ci (y* ) 

i=i 

2/l,ci ••• 2/p,c p ^1,01 ^l,6i ••• x n,a n x n,b n X l,a' X n",a"„ 

1 n 

Z\,d\ ■■■ z p,d p x l,a! x l,bi ■■■ x n,a n x n,b n X lh' X n",b"„ 

1 n // 
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where we used Cayley's notation for the determinants: 

| ^ } = detp^K- - Vj)) (H.8) 

and a i; 6 i? a-, ty, a", b", q, di are the color indices. By convention 

D a b{ui - Vj) := C ab (ui - Vj) (11.9) 

except when the second index is the one of a ip field hooked to a 5( ver- 
tex. In this particular case the vertex has a so called derivative coupling, 
and therefore the propagator D bears a derivation, namely D a yi{ui — Vj) : = 
i $ v C a yi{ui — Vj):— C' ab ,,{ui — Vj). This derived propagator is explicitly 

(11.10) 

Expanding the determinant in ( |H.7] ) one obtains the usual perturbation the- 
ory in terms of Feynman graphs with the three types of vertices corresponding 
to the three terms of the action ( [11. 1| ), and the logarithm is simply the sum 
over connected graphs. To see if a graph is connected, it is not necessary 
to know its whole structure but only a tree in it. Based on this remark 
the logarithm of ( [II. 7|) was computed in [AR2] using an expansion which is 



intermediate between the determinant form ( [11. 7| ) and the fully expanded 
Feynman graphs. This expansion is based on a forest formula. Such for- 
mulas, discussed in [AR1], are Taylor expansions with integral remainders. 
They test the coupling or links (here the propagators) between n > 1 points 
(here the vertices) and stop as soon as the final connected components are 
built. The result is therefore a sum over forests, which are simply defined as 
union of disjoint trees. A forest is therefore a (pedantic, but poetic) word for 
a Feynman graph without loops, and our point of view is that these are the 
natural objects to express Fermionic perturbation theory. 

Here we use the most symmetric forest formula, the ordered Brydges- 
Kennedy Taylor formula, which states [AR1] that for any smooth function 
H of the n{n — l)/2 variables ui, I G P n = {(i,j)\i,j G {1, .., n}, i ^ j}, 



H\ 




0<wi<. 
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where o—T is any ordered forest, made of < k < n—1 links /i, Ik over the 
n points. To each link l q q = 1, k of T is associated the parameter w q , and 
to each pair I = {i, j) is associated the weakening factor wf{w q ). These fac- 
tors replace the variables u\ as arguments of the derived function Yl q=1 q^~H 

in ( |11.11| ). These weakening factors wf(w) are themselves functions of the 
parameters w q , q = 1, k through the formulas 

1 

inf w q , if i and j are connected by T 

where is the unique path in the forest T connecting i to j 
if i and j are not connected by T . ( ii -12) 

We apply this formula to the determinant in ( |11.7|) , inserting the interpo- 
lation parameter u\ in the cut-off (but only between distinct vertices, so not 
for the "tadpole" lines): 

Ct(x,y,u) = 6(x-y)Ci (x,x) + [l-6(x-y)}C£°(x,y,u) 

where 

A \ U ) = A' 2 + u(A 2 - A' 2 ). (11.14) 

We use similar interpolation for the C propagators. When u grows from 
to 1, the ultraviolet cut-off of the interpolated propagator (between distinct 
vertices) grows therefore from A to Aq. 
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impulsions 




positions 



Figure 1 



We define 



■(A -2 - A _2 )e" m2A o 2(w)-|a;_y|2A o (M)/4 
C A (x,y) := — C A °(x,y,u) = ttI^ + 



(11.15) 



im(J- tf)A%{u) _ A 4^^ A -2 _ Ao 2^-m 2 A- 2 («)-|x-y| 2 A2( u )/4 



The derivative of r? fixes C u at an energy near A (u). We observe that for 
any fixed e' we have the scaled decay: 

\C u (x,y)\ < KAl(u)(A- 2 - A i) e ~\*-y\^')KM-^ 2 ^ 2 iu)/2 (IU6) 

\C' u (x,y)\ < KA 4 {u)(A- 2 - A 2) e H*-vl(i-W(«W" a A5- a («)/2 (IL1?) 
where K is a constant depending only on e' and 

A™(m) := sup[m,Ao(ii)] (11.18) 



Applying this interpolation and the ordered forest formula (|II.11|) to the 
propagators in the determinant of ( |11.7| ) we obtain 



OO 1 OO 1 

p=0y- n,n',n"=0 n - n - n - -T Col Q 

P 

d 2 y 1 ...d 2 y p d 2 z 1 ...d 2 z p d 2 x 1 ...d 2 x ii J| £d r (z r )£c r (y r ) 

r=l 

k -, 

II D A ,Wi (^ x i q ) dw <i [det] left (w^"(w)) 

9=1 J 

(11.19) 



/ 



<...<w,.<l 



where for simplicity the position of any vertex is simply denoted by the 
letter x and n := n + n' + n" . xi q and x\ q are the ends of line l q . [det]j e ^ 
is the remaining determinant. Its entries correspond to the remaining fields 
necessary to complete each vertex of the forest into a quartic or quadratic 
vertex, according to its type (interaction or counterterm). For this model, 
remark that the sum J^o-f is performed only over the ordered forests that 
have, for each point Xi coordination number n{€) < 4 or n(i) < 2 depending of 
the type of the vertex (all other terms being zero). The additional sums over 
Col and Q correspond to coloring choices at each vertex and "fields versus 
antifields" choices at each line and vertex [AR2]. The sign e(jF, Q) comes in 
from the antisymmetry of Fermions and is computed in [AR2] : here we only 
need to know that it factorizes over the connected components of T . To find 
the expression for InZ we write Z as an exponential. In equation ( |II.19|) , 
the determinant factorizes over the ordered trees T\...Tj forming the forest. 
Indeed one can resum all orderings of the ordered forest T compatible with 
fixed orderings of its connected components, the trees T\...Tj. Furthermore 
the "weakening factor" w T vanishes between vertices belonging to different 
connected components. Hence: 

oo oo n i 

(0 - E^2 E n \ n n n "\ E ~y E E E 

p=Qt J - n,n',n"=0 1 ■ j=0 J ■ n' .V. »"...»'/ 

n^ + ... + n 7 '— n J 3 

n'+...+n'.=n' n"+...+n"=n" 
1 J 1 J 

En\n'\n"\ p\ 2 .. 
p ! 
n\\...nAn\ \...n'An'{\...n'i\ p-i \ 2 ...pA 2 p'\ 2 

pi+...+Pj+p'=p 
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(t c£°o p ' n \(w) ni vc* A(n„ <, 



(11.20) 



where 



A^n'^n'^Pi) = J] ^ e(7j,fli) J d 2 y 1 ...d 2 y Pt d 2 z l ...d 2 z Pi d 2 x l ...d 2 x fi 



p 

E 

r=l 



Mleftj^H) 



0<toi<...<ufc _i<l 



■9=1 



(11.21) 



where n« is the number of vertices in the ordered tree %, which has therefore 
Hi — 1 lines, pi is the number of external fields of type y (and z) attached to 
the %, and p' is the number of free external propagators (not connected to 
any vertex) in the forest. This can be written as an exponential, hence 

OO 1 OO 1 

Jn^"({) = (f,Cj*f)+E3 E ^(i)*H"'(f()"" 

Yj H e ( T ' fi ) / d 2 y 1 ...d 2 y p d 2 z 1 ...d 2 z p d 2 x 1 ...d 2 x n Y[£ dr (z r )£ Cr (y r ) 

o-TCol,Q JV r=l 



0<wi<...<wn— 1 <1 



rfi-1 -| 

II ^A^fezijdit;, [det] left (w^(w)) 

q=l J 



(11.22) 



where T is an ordered tree over n points, and the external points are all 
connected to the tree. Now, applying the definition ( |II.6|) , we obtain the 
vertex functions, for which the limit V — > oo can be performed (because the 
external points hooked to the tree ensure convergence). The set 



E 



{(i 1 ,...i p ,j 1 ,...,jp)\i 1 ,..i p ,j 1 ,...j p e {l,...,n}} (11.23) 



fixes the internal points to which the 2p external lines hook. 

We recall the well-known fact that the vertex functions in x-space are in 
fact distributions. For instance it is easy to see that when some of the external 
points if., jk in the previous sum coincide, one has to factor out the product 
of the corresponding delta functions of the external arguments to obtain 
smooth functions. This little difficulty can be treated either by considering 
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the vertex functions in momentum space (they are then ordinary functions of 
external momenta, after factorization of global momentum conservation), or 
by smearing the vertex functions with test functions. Here we adopt this last 
point of view. The quantity under study is then T 2 A ° smeared with smooth 
test functions 0i(yi), (j>p(y p ), P +i(^i), 4>2p{z p ): 

r^°(0i,...02p) = J d 2 yi ...d 2 y p d 2 Zl ...d 2 z p 

r 2p (yi, -,y P , zi, z p )(f) 1 (y 1 )...(f)p(y p )(f) p+1 (z 1 )...(f)2p(z P ). (11.24) 

where we asked the test functions to have compact support: <fi G V(R 2 ). 

Remark that when some external antifield hooks to a 5( vertex, the am- 
putation by C instead of C leaves a 5' distribution, which means a derivative 
acting on the corresponding test function. 

We obtain the formula: 

r^(*i, ...**)= £ W"(^) B '(*0 B "-^ (n.25) 

n,n',n"=0 • n ' 

EEE e <T>^) / d 2 x l ...d 2 x n (j) 1 (x il )...(t) 2p ^ 



o-T E Col,Cl 

/ n DT' Wq (x lq ,x lq )dw q [det} Mt (w r (w), E) 

J0<wi <...<wr-i <1 L ?=1 



l0<wi<...<Wn-i<l 

where the propagator D is now C or C according to the discussion above. 

When renormalization is introduced, it will be convenient to use the 
BPHZ subtraction prescription at external momenta, which corresponds 
to integrate the vertex functions over all arguments except one. In this 
prescription one defines the renormalized coupling constant as the 4-vertex 
function of the full theory at zero external momenta: 



^ := f f "(0,0,0,0) = J d 2 x 2 d 2 x 3 d 2 x 4 Y AA °(0,x 2 ,x 3 ,x 4 ) (11.26) 

Moreover we want the renormalized mass and wave function constant to be 
respectively m and 1. This means that we impose the additional renormal- 
ization conditions: 

5m ren := f£ Ao (0,0) = J d 2 x 2 T AA °(0,x 2 ) =0 (11.27) 
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6( ren := ^f AA °(0,0) = J d 2 x 2 i tf 2 T 2 XA °(0,x 2 ) =0 (11.28) 

With these conditions the whole theory (at fixed renormalized mass m) be- 
comes parametrized only by A ren , hence not only A but also 5m and 5( in 
( p.l| ) become functions of A ren . This of course has a precise meaning only 
if we can construct the theory and solve the renormalization group flows, 
which is precisely what we are going to do. We can express the main result 
of this paper as a theorem on the existence of the ultraviolet limit of the ver- 
tex functions and of the renormalization group flows. Recall that the theory 
is not directly the sum but the Borel sum of the renormalized perturbation 
theory. In summary 

Theorem 1 The limit A -> oo of r£ Ao (0i,...02p) exists and is Borel 
summable in the renormalized coupling constant X ren , uniformly in N (where 
N is the number of colors). Since the parameter A varies continuously, the 
continuous renormalization group equations and in particular the (3 function 
are also well defined in the limit A — > oo. 

The first part of the theorem is similar to [FMRS], but the second part (the 
existence of the continuous renormalization group equations) is new. The 
rest of the paper is devoted to the proof of this theorem. 

The precise bounds on the smeared vertex functions are given in theorem 
3 below. They are uniform in iV (and in fact proportional to iV 1_p ). Let us 
discuss also briefly the dependence in m, the renormalized mass. For m^O 
fixed, we can define the physical scale of the system by putting m = 1. The 
theorem is then uniform in the infrared cutoff A, including the point A = 0. 
In the case m = our method requires a nonzero infrared cutoff A / 0. 
Since this cutoff is the only scale of the problem, we can then put it to 1: 
A = 1. In this last case, improperly called the "massless theory", we know 
that there should be a non-perturbative mass generation [GN]. This mass 
generation has been proved rigorously for the model with fixed ultraviolet 
cutoff and large number N of components in [KMR], using the Matthews- 
Salam formalism of an intermediate Bosonic field and a cluster expansion 
with a small/large field expansion. Our result in the massless case m = 
with a finite infrared cutoff A should therefore glue with the method and 
results of [KMR] to obtain at large N the mass generation of the full model 
without ultra-violet cutoff. 
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Ill The Expansion 



III.l The continuous band structure 



momenta 



A)( w 5 . 2 ) 



links of the tree 



positions 



Remark that in ( |T03|) 

Wi < U> 2 < ... < 



Figure 2 



A (wi) < A (w 2 ).. < A (m 



n—l , 



(III.l) 



This naturally cuts the space of momenta into n bands B = {1, ...,n} (see 
Figure 2). 

Looking at equation (|II.4j) , we see that the covariance can be written as 
a sum of propagators restricted to single bands: 

ct( P ) = e cZ(::\)(p) = e / ° ; (i*+m)e-^ 2 + m2 w = e v k 

k=l k=l jA o ( w «) k=l 

(III.2) 

where we defined 

rf ■= e - A o 2 ( w k)(p 2 + m2 ) - e -A ( 7 2 ("'fc-i)(p 2 + m2 ) (III.3) 

and we adopted the convention 

w = A 2 (^ ) = A- 2 Ws = 1 A 2 {w n ) = A ~ 2 . (III.4) 
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Similar formulas hold for C but with an additional tf. 

To cure the ultraviolet divergences we have to combine the divergent 
local parts of some subgraphs with counterterms and reexpress the series for 
G as an effective series in the sense of [R]. For that purpose we use the band 
structure to distinguish the convergent and divergent subgraphs hence decide 
where renormalization is necessary. 



III.2 Notations 

Now we fix some notations. It is convenient to give indices to the fields 
variables or the half-lines which correspond to these fields after Grassmann 
integration. We observe that there are several types of such variables, the 
half-lines which form the lines of the tree, the external variables (which cor- 
respond to amputated lines) and the entries (rows or columns) in the deter- 
minant deti e ft. These entries will be called "loop fields" or "loop half-lines" 
since they form the usual loop lines of the Feynman graphs if one expands 
the determinant. We define E and L as the set of all external and loop half- 
lines. For each level i there is a tree-line U with two ends corresponding to 
two half-lines called and g^. The loop fields ip(x g ) and ip(xf) are called 
hf and h g , and (when expanded) the loop line i/j(xf)il)(x g ) is called lf g (it 
corresponds to a particular coefficient in the determinant detieft). Each tree 
half-line /, or g i} each loop field hf or h g is hooked to a vertex called Vf i 
or v 9i or vj or v g . We need also to care about the set S of special fields (or 
antifields) which are hooked to the 5( vertices and correspond to propagators 
C which have different "power counting" than C. Finally the index of the 
highest tree-line hooked to a vertex v is called i v . 

Now [det]j e ^ is the determinant of a matrix (n + l—p) x (n + l— p). The 
corresponding loop fields can be labeled by an index a — 1, ...,2n + 2 — 2p. 
The matrix elements are D(xf,x g ,w^ fVg (w)). Therefore in terms of bands 
the line lf g is restricted by the weakening factor Vg (w) to belong to the 
bands from 1 to the lowest index in the path Pj g (this path Pj g is defined 
in equation (|II.12|) ). We call ij g this index: 

i r u = inf {q | l q E Pjj (III.5) 



f,g 



D(x f ,x g ,wl ftVg (w)) = D{p) £ V k (p) (III.6) 



k=l 
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By multilinearity one can expand the determinant in ( |11.25| ) according to the 
different bands in the sum ( |III.6|) for each row and column. 

[det] Mt (w r (w),E) = £det.M(/i) (III.7) 

where we define the attribution collection of band indices for each loop 

field a: 

V = {M/i)> ••/ i (/n+i- P ),/i(fi'i), ../x(p„+i_p)} , fi(a) E B for a = 1...2n+2-2p. 

(III.8) 

Now, for each attribution /x we need to exploit power counting. This requires 
notations for the various types of fields or half-lines which form the analogs 
of the quasi local subgraphs of [R] in our formalism. We define: 

T k = {le T\ i n > k} 
m = {fi, 9i eT\t>k} 

IL k = {a G L\ fi(a) > k} 

EE k = {f,g G E\i Vf ,i Vg > k} 

ET k = {fi\i Vf . >k,i<k}U {gi\i Vgi >k,i<k} 

ELk = {a G L\i Va > k,fi(a) < k} 

N k = {v of type A \i v > k] 

N' k = {v of type 5m \i v > k} 

JVfc = {v of type 5( \i v > k} 

N k = N k U N' k U < , G k = IT k U IL k , E k = EE k U ET k U EL k 
E k = E k f] S , T k = {k\ i > k} (III.9) 

where we recall that S in the last definition is the set of those fields hooked 
to a vertex of type 5( which bear a derivation. We note \A\ the number 
of elements in the set A. For instance the reader can check that \ITi\ = 
2n — 2 and that |Ti| = n — 1. Each G k has c(k) connected components 
G k , j = l,..,c(k). All the definitions in ( [111.9| ) can be restricted to each 
connected component. Applying power counting, the convergence degree for 
the subgraph G\ is 

uj{G } 1) = \{\E^\+2\N^\-A) (111.10) 
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where we assumed that no external half-line hooked to a vertex of type S( 
bears a % To assure this for any G^, we apply, for each vertex v", the 
operator i $ (or —% 0) to the highest tree half-line hooked to v" (there is 
always at least one). In this way for all k \E%\ = 0, and no loop line bears a 
gradient. Then Ai(fj) is a matrix whose coefficients are 

MM(x f ,x g ) = S, if)Ag) J ^ e**'—>C(p) v" if) (p)W v %l (III.ll) 
where 

W* v , = 1 if wand v' are connected by 

= otherwise (III. 12) 

since we always have D = C in the matrix Ai(fi). 

From ( [IlLlOp we see that there are three types of divergent subgraphs: 

- for \Ej \ = 4, \N { k \ = we have logarithmic divergence (u>(G^) = 0); 

- for \Ef\ = 2, |A^ fc | = we have linear divergence (u(G^) = —1); 

- for \E^\ = 2, {N^l = 1 we have logarithmic divergence (a>(Crf) = 0). 

In fact the divergent graphs are only those for which the algebraic struc- 
ture of the external legs is of one of the three types in ( [11. 1| ). For instance not 
all four-point subgraphs are divergent, but only those for which the flow of 
spin indices follows the flow of color indices [GK] [FMRS]. Using the invari- 
ance of £ under parity and charge conjugation one finds that all counterterms 
which are not of the three types in ( |11.1| ) are zero (this means that the corre- 
sponding subgraphs have local part). Then renormalizing these subgraphs 
we improve power counting without generating new counterterms. In what 
follows, for simplicity, "divergent subgraph" always means subgraph with two 
or four external legs (this means we will renormalize some subgraph which 
does not need it but this does not affect the convergence of the series). Also 
for simplicity we change the definition of convergence degree ( |IH.10|) in 

w , (Gf) = i(|£f|-4). (111.13) 

To cure divergences, we apply to the amplitude of each divergent subgraph 
g the operator (1— r 5 )+r 9 . In the momentum space r g is the Taylor expansion 
at order —u(g) of the amplitude g(p) at p — 0. The operator 1 — r g makes the 
amplitude convergent when the UV cut-off is sent to infinity. The remaining 



15 



term r g g gives a local counterterm for the coupling constant that depends 
on the energy of the external lines of g. At each vertex v, we can resum 
the series of all counterterms obtained applying r g to all divergent subgraphs 
(for different attributions /i) that have the same set of external lines as v 
itself. In this way we obtain an effective coupling constant which depends on 
the energy A (wi v ) of the highest tree line hooked to the vertex v. This is 
true because after applying the 1 — r g operators, for each graph with nonzero 
amplitude the highest index at each vertex coincides with the highest tree 
index i v at each vertex! Indeed at vertices v for which this is not true, 
there are loop fields with attribution /i higher than i v . By ( |111.12| ) they 
must contract together forming tadpoles, which are set to zero by the 1 — r g 
operators. The corresponding graphs therefore disappear from the expansion. 
For each attribution /i we define the set of divergent subgraphs as 

D, := { G*\u>(G*) < 0}. (111.14) 

The action of r g is 

T g g(pi,..,Pk) = J2 —jf]9(tPu-tPk)\p=o k = 2,A. (111.15) 

With this definition the effective constants \ w , 5m w , 5( w turn out to be 
the vertex functions T 4 , T 2 and ^T 2 for an effective theory with infrared 
parameter A = A (w): 

III. 3 Effective constants 

In the space of positions, the operator r g is applied by partial integration to 
the product of external propagators a(xi, ■■■x Ve ), as in [R]: 

^(Oa^i, ...x Ve ) = -;-rrj a Mt),...,x Ve (t)) lt=0 (111.16) 
j=o J- at 

where Xiit) = x Ve + t(x{ — x Ve ), and v e is an external vertex of g chosen 
as 'reference vertex'. The choice of this reference vertex is given in section 

IV. 3.1. As announced we find the three possible counterterms of ( [II. 1| ). For 
\Ei\ = 4 we have 

4 4 

r*( X1 ) n c(x h Vl ) = n c{x uyi ), (IH.17) 

i=l i=l 



16 



so the counterterm is 

4 



10203 04 



/ d 2 xi n^w( x i>2/») / d 2 x 2 d 2 x 3 d 2 x 4 g(0,x 2 ,x 3 ,x 4 )a\ 
J i=i 1 1 J 

= [d 2 x 1 l[C a o :;j l (x 1 ,y i )g(0,..,0) (111.18) 
J »=i 

This gives a coupling constant counterterm. For \Ej\ — 2 we have 

r*(xi)[C(xi,j/i)C(x 2 ,j/2)] =C(a;i,j/i) C(xi, y 2 ) + (^2 - x 1 ) fi ^ I C(x 1 , y 2 ) 

(111.19) 

Integrating over internal points, we obtain a mass counterterm from the first 
term in the sum: 

/ ft w) f d 2 x 2 g a a \Z{^x 2 ) 

J 1=1 J 

/" 2 

= / ^111^.(21.2/*) ^ia a (0)5 O i )Oa 
i=l 

= / d 2 x^C^{x^ yi ) 5 aua2 A(0) (111.20) 



i=i 

where we applied the development 

$(p) = /i(p 2 ) + 75/ 2 (p 2 )+ ^/ 3 (P 2 ) + 75 ^/ 4 (P 2 ) (III.21) 

and we adopted for the gamma matrices the conventions in [FMRS]. By 
invariance under charge conjugation and parity f 2 {Q) = /4(C)) = 0. For the 
second term in the sum we obtain a wave function counterterm: 



/ faiC^fay^CZgixun) J d'x^-x^g^^-x,) = 

= j ^iQ5(^^i)^^r4(^'^)i^(p) b =o5 aia2 

= / d^C^x^i 0C£2(si,ife)/ 3 (O). (111.22) 
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Theorem 2 // we apply to each divergent subgraph g e D^, for any at- 
tribution /J,, the operator (1 — r g ) + r g = R g + r g , the function (\U.23j) can be 
written as 



>2p 



E 

n,n',n"=0 
n-1 

n ^ 

0<tOl<---<«M_i<l ^ 

rft-1 



n 



o-T E,ixCol,n 
^"w(v) 

N 



w(v') 



IR 



w(v") 



(111.23) 



where the constants X w , 5m w , 6( w are the 'effective constants', defined as: 



A 



in 



r AoW ' Ao (o,o,o,o) = / d l x % d l x z d l x± rt 



A (w),A 



(0,X 2 ,X 3 ,X 4 ) 



5m„ 

5C« 



-pA (™),A 
1 2 



(0,0) 



rf 2 x 2 rt ( ^ Ao (o,x 2 ) 



@f^ w) ' Ao (p) lp=0 



d x 2 i ^ 2 r 2 



A («j),A 



(0,x 2 ) 



(111.24) 



27ie effective constants are the vertex functions T 4 , T 2 and PT 2 for an ef- 
fective theory with infrared parameter Aq(w) , and the renormalized constants 
correspond to the effective ones at the energy A. (For the massive theory 
recall that we can use A = 0^. 



A w =o 
5m w=0 

o(w=o 



A r 

Sm r = 
5( r = 



(111.25) 



The reshuffling of perturbation theory performed by Theorem II can be 
proved by standard combinatorial arguments as in [R] (the only difficulty 
was discussed above, when we remarked that the parameter w of the ef- 
fective constants always corresponds to the highest tree line of the vertex. 
Otherwise the effective vertex generates a tadpole graph whose later renor- 
malization gives 0). 
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IV Convergence of the series. 



Theorem 3 Let e > be fixed. Suppose A m (defined below) belongs to 
some fixed compact X of}0, +00) . The series \III. 2$ ) is absolutely convergent 
for \\ w \, \5m w \, \5(, w \ < c, c small enough. This convergence is uniform 
in Aq and N (actually T 2p is proportional to N 1 ' 10 ). The ultraviolet limit 
Y^ p = limAo^oo ^2p° exists and satisfies the bound: 

|rt(0 l5 ...0 2p )| < (p!) 5 / 2 [K(c,e,X)F {A^N 1 -* (IV.l) 

2p 

H0i||i IIINioc,2 e-d-^^,..^) 

where 

A m := sup[A,m] , (IV. 2) 

I 10,1100,2:= (110,1 loo loo +H0- I loo) , (IV.3) 

Qi is the compact support of (pi, K(c,e,X) is some function of c e and X, 
which tends to zero when c tends to 0, ||0j||oo = sup^e^ I0«( :r )|; Il0i||i = 
/ d 2 x\(f>i(x)\, and 

d T (f2i,...n 2p ) := inf d T (xi, ...x 2p ) 
d T (x 1 ,...x 2p ) := iniy2\xi-Xi\. (IV.4) 

leT 

where in the definition ofdx(xi, ...x 2p ) ; called the "tree distance of xi, ■■■x 2p ", 
the infimum over u — T is taken over all unordered trees ( with any number 
of internal vertices) connecting X\, ...x 2p . 

This bound means that one can construct in a non perturbative sense the 
ultraviolet limit of either the massive theory with any infrared cutoff A in- 
cluding A = 0, or the weakly coupled massless theory with nonzero infrared 
cutoff A. To complete Theorem 1 from Theorem 3, one needs only to check 
Borel summability by expanding explicitly at finite order n in \ ren and con- 
trolling the Taylor remainder. This additional expansion generates a finite 
number of Taylor operators r g for a finite number of non quasi-local sub- 
graphs, which are responsible for the n! of Borel summability [R]. Since this 
is rather standard we will not include this additional argument here. Finally 
the renormalization group equations are discussed in section V. The rest of 
the section is devoted to the proof of this theorem. 
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IV. 1 Plan of the proof 



(n, n' n") 



To prove the theorem we show that the absolute value of the term 
in the sum (excluding the effective constants) is bounded by K n . The strat- 
egy for the proof consists in moving the absolute value inside all sums and 
integrals, bounding the product of effective constants, 



w(v) 



w(v') I 



w(v") I 



< e 



(IV.l) 



then taking c < K~ x . 

The loop determinant will be bounded by a Gram inequality, and we shall 
use the tree lines decay to bound the spatial integrals. Actually, we cannot 
move the absolute value directly inside the sum over attributions because 
^{yu} ~ n\. In other words fixing the band index for each single half-line 
develops too much the determinant. The way to overcome this difficulty is to 
remark that the attributions contain much more information than necessary. 
We can in fact group the attributions into packets to reduce the number 
of determinants to bound. We observe that, if for the level i a connected 
component G\ has \EE\\ + \ETf\ > 5, the subgraph is convergent and we 
do not need to know the band indices for the loop lines in that connected 
component. So for each convergent Gf: 

• if \EEf\ + \ET^\ > 5, we do not want to know anything on loop lines; 

• if \EEf \ + \ETf\ < 5, we just want to fix 5 - \EE*\ - \ET t k \ half-lines 
with energy lower than i, but we are not interested on the energy of 
the other half- lines; 

Instead of expanding the loop determinant over lines and columns as a sum 
over all attributions 

det M = det M E ) ( IV - 2 ) 

we write it as a sum over a smaller set V (called the set of packets). These 
packets are defined by means of the function 



:{/*} 



V 

C -- 



(IV.3) 



but this function must respect some constraints related to the future use of 
Gram's inequality. This motivates the following definition: 
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Definition 1 The pair (V, 0) is called a "Gram- compatible pair" if 

VCeV,Va, 3 J a (C) c B (IV.4) 
with the property _1 (C) = {n\fj,(a) G J a (C) V a}. 
This definition ensures that there exists a matrix M! such that 

det M(n) = det M'(C) (IV.5) 

and that Gram's inequality can be applied to det Ai'(C), as shown in Lemma 
4. 

IV. 2 Construction of P 

We build first the partition V of the set of attributions into packets. These 
packets should contain the informations we need over \E 3 k \. In contrast with 
attributions there should be few of them; more precisely they should satisfy 
#V < K n . Finally, together with the function 0, they should form a Gram- 
compatible pair. To define V we introduce some preliminary definitions and 
notations. 

To each ordered tree o — T we can associate a rooted tree Rr, which 
pictures the inclusion relation of the G{ [R]. We can picture this tree with 
two types of vertices: crosses and dots. We recall that the leaves of a rooted 
tree are the vertices of the rooted tree with coordination number one. The 
leaves in our case are the dot-vertices and correspond exactly to the vertices 
v, v' or v" of the initial ordered tree T. The other vertices of Rr are crosses. 
Each cross % corresponds to a line k of the initial ordered tree T, and has 
coordination number three, except the root which has coordination number 
two. To build Rr we take the lowest line in T, li, as root 1. 
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This line l\, or root, separates T into two connected components T and 
T" possibly reduced to a single vertex. When T or T" is a single vertex, it 
gives a dot connected to 1. Otherwise it gives a cross, which is the lowest 
line of T in it. This procedure is repeated at each cross- vertex obtained, and 
generates R?. 



Finally to complete the picture to each dot of Rr we hook all loop half- 
lines hooked to the corresponding vertex (there could be none). We define 
the ancestor of i A(i) as the cross-vertex just under % in Rj- and we call 
v a , the dot- vertex to which the half-line a is hooked and i a the cross- vertex 
connected to v a (which represents a line of the initial tree!). For each cross- 
vertex % we define 




T 




A 



Figure 4 



U := {lj G T\j > i, lj connected to U by Tj} 



(IV.6) 




Figure 5 

An example of a tree with its associated Rr is given in Figure 6: 
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Figure 6 

For each tree line (cross- vertex) i and each connected component no 
new line connects to ti in the interval between i and A(i). Hence u f (G^ ) > 
u ' (^A(i)+i) Vi > > A(i) and Tp' C G$ C G#. Therefore we can neglect 
what happens in this interval and generalize the definitions of (111.9) for the 
internal lines of a subgraph G\. We define: 



9i 


= U U {a G L\i a > i, v a 


G *i,/i(a) > .A(i) + 1} 


egi 


= eU U eti U eZj 




eti 




< i} U > 


eei 


= {f,g e s > i, 


V/,V fl G *<} 


ek 


= {a G L|i a > i,t> a G ti, fi(a) < A(i)} 



(IV.7) 

This set of definitions ([IV. 7 ) concerns the connected component gi above line 
i. Remark that we defined as loop internal lines of gi, all loop lines higher 
than A(i). We also need some additional definitions concerning the other 
connected components: 



i(k) 



3i 



inf j 

{j>i,v 3 eT*} 



e 9i 
et) 



■ 9m 

= et m ee h i := ee m el\ := el i(k) (IV.8) 

This second set of definitions is used only much later in the bounds when all 
connected components are considered at once. 

Definition 2 A chain C a ,i is the unique path in R? from the half-line a to 
the cross-vertex i with i a >t i: 

C ai := < T i' <t ia} U {a} (IV.9) 
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In the following, we write i a >t i to specify that v a and Vi are connected by 
U. 




Figure 7 



Definition 3 a class C is a set of chains over R? with the properties: 

WC ai G C, VC /j/ G C one has a ^ a' 

V i d < max[0; 5 — |eej| — \eti\ — c^] (IV. 10) 

where we defined: 

Ci = #{Cai G C\ i fixed} 

c'i = #{C aV € C| v >t i, i' < t} (IV.ll) 

So q is the total number of chains arriving at % and c- is the total number 
of chains passing through % and continuing further below. This definition 
ensures therefore that there are at most five chains passing through each 
cross i. 

Definition 4 The partition V is the set of all possible classes C over Ft?. 
To verify that this is a good definition, we have to prove three lemmas. 
Lemma 1 The cardinal ofV is bounded by K n . 

Proof: we prove that V C V' and j^V < K n . We define V as the set of all 
sets of chains V, that are unions of five subsets (possibly empty) Yj, where 
Yj is a set of completely disjoint chains (this means they have no cross and 
no dot in common). 

V := {V} V:= U 5 j=1 Yj. (IV. 12) 
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To build a set of disjoint chains Yj, we have at most three possible choices 
for each vertex: at each cross-vertex we can have no chain passing, a chain 
going right or left; at each dot- vertex touched by a chain, we have to choose 
among three (at most) loop half-lines. Putting all this together we have: 



#V < (3 5 )"- 1 (3 5 ) 2 "+2- 2 p < K n 



(IV.13) 



where the number 5 comes because each element of C is made of five sets Yj. 



Figure 8 shows an example of disjoint sets built in this way. 




Figure 8 

Now we prove that V C V' by induction on i. For each C G V we 
define C(i) as the subset of C that contains only chains ending in some point 
(cross- vertex) of the unique path connecting i to the root. 



C(i) := {C aV e C\ i' < T i} 



(IV.14) 



This set satisfies the following induction law: if, for A(i) there are five sets 
(eventually empty) of disjoint chains Yi(A(i))... Y 5 (A(i)) with 



C(A(i)) = u'Y^Am 



(TV. 15) 



then there are five sets Yi(i),...,Ys(i) with C(i) = UjYj(i). This can be seen 
observing that C(i) can be written as 



C(i) = C(A(i)) U {C ai , G C\i' = i}. 



(IV. 16) 



Among the five sets Yj forming C(A(i)) there are d i ones containing chains 
passing through v. Yi(A(i)),..., Y c >_(A(i)). If c[ + |ee»| + \eti\ > 5, there are 
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no chains ending at i so C(i) = C(A(i)) C V . If c[ + | ee^ | + |etj| < 5 there 
are q chains ending at i C ait i, ...C ac ) j, with q < 5 — c' { , so we can define 

Y#) = Y 3 (A(i)) for j <c\, 

,...,Ci, (IV.17) 



Y <+j (i) = Y <+j (Ad)) U {<?«,,} j 



With these definitions we have 



for j > c- + Q. 



C(i) = \J j=1 Yj C T 3 ' 



(IV.18) 



Now, the hypothesis (|IV.15|) is true for the root r. In fact, by construction, 



we have at most five chains ending at r: C ai , r , ■■■C a5 ,r- If we define: 

Y 1 (r) = {C air },...,Y 5 (r) = {C a5r } 



(IV.19) 



we have C(r) = Y\ U .. U I5 C V . Working the induction up to the leaves of 
R'j completes the proof of the lemma. □ 



Lemma 2 There exists a function : {fx} — 
attribution ji = /i(2), ...) a class C in V. 



V which associates to each 



To define <fi we fix an order over the half-lines and the lines of Rr- We do it 
turning around Rr clockwise and we call n(a) the index of a in the ordering 
and Si the index of the line in Rr connecting i to A{i). 

3 4 

5, 




Figure 9 

We build the class as a union of chains by induction, defining first the 
chains in ending at the root, then the ones ending at the cross connected 
to the root by the line 1, and so on, following the ordering s^. Therefore for 
each i we consider the set A{ = {a e eli\ ^C a i> € <fi{n) with i' < 1} which is 
the set of loop half-lines that are external lines for gi and are not connected 
to a chain in <f)(fi) ending lower than i. 
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- If [5 — \eei\ — \eti\ — cj] > and j^Ai < [5 — | ee« | — |e£j| — c^] we have 
a divergent subgraph, and we add to the part already built of all the 
chains starting at an element of Ai and ending at i, so 

(k = #A- (IV.20) 

- If #v4j > max[0, 5 — |eej| — |et»| — c£|, we have a convergent subgraph, so 
we put 

Ci = max[0, 5 — |ee» j — |et«| — c$] (IV.21) 

and we add to the part already built of the q chains C a ',i, with a' = 
a|, j = which start at the q elements in Ai that have the lowest 

values of n(a), and end at i. 

In this way we obtain a set of chains with the two properties ( [1 V . 1 0| ) . For 
each /i, is an element of V and {0 _1 (C)}c e p is a partition of the set of 
attributions. □ 

a! 



Figure 10 

We call Bi the set of half-lines in Ai which are the starting points of 
chains in ending at i (see Figure 10). Therefore in the divergent case 
Bi = Ai and in the convergent case Bi = {aj, j = 1..., q}. We also define 

egi(C) := eU U ee, U {a\i a >t i and a 6 Bi> for some i' <t i} (IV. 22) 

With this definition we have \egi(C)\ = Ci + c' { + \eU\ + |eej|. Remark that in 
the divergent case \egi\ < 4, one has \egi\ = \egi(C)\, and in the convergent 
case one has \egi\ > |e(?j(C)| > 5. The next lemma describes the structure of 
the classes C. 

Lemma 3 For each class C G V and each half-line a = 1, ...,2n + 2 — 2p 
there exists a subset of band indices J a {C) C B such that 

<P~\C) = {n\n(a) E J a (C) V a}. (IV.23) 



27 



Proof The existence of the q chains C a i for a G Bi ending at i implies a 
certain set of constraints on attributions. We distinguish two situations. 

1) If \egi(C)\ < 4 (divergent case) 

• Va G B h /i(a) < A{i) ; 

• V a G" Bi with i a > T i, /i(a) > A{i). 

2) If \egi(C)\ > 5 (convergent case) 

• Va G -Bj, yu(a) < -4(i); 

• Va G" -Bi with i a >t i, and n(a) < max a / e B., n(a'), ;u(a) > ^4(i); 

In any other case, there is no particular constraint. We observe that the un- 
derlined constraints for fi(a) are therefore determined by the chain structure 
and the ordering, but the crucial point is that they are independent from 
each other. Hence J a {C) is an interval in terms of band indices. Remark 
that if some chain in C starts from a, it must end at some unique i, called i' a . 
In this case we define M(a,C) = A(i' a ). Otherwise we define M(a,C) = i a . 
Moreover for each i' such that a G^ By we have two different lower bounds on 
fi(a), depending whether is divergent or convergent. So the constraints in 
cases 1 and 2 simply mean m(a,C) < ji{a) < M(a,C), where 

M(a,C) = A(i' a ) if a G B Va , M(a,C) = i a otherwise 
m(a, C) = sup [A(i') + 1] 

i'eI(a,C) 

m(a,C) = 1 if/(a,C) = (IV.24) 

and 

J(a,C) := {i' \i a >t i' , a G" By, and, if \egii(C)\ > 5, n(a) < max n(a')} 

(IV.25) 

In summary the constraints are expressed by 

<t>~\C) = {fi\fi(a)eJ a (C)Va} 
J a (C) = [m(a,C),M(a,C)] (IV.26) 

□ 
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Example: As an example, in Figure 11 we have three chains C aj s, C a >,2 and 
C a ",i- The bands are: i\ + 1 < ji{a) < «2, 2 + 1 < M a < *"i> M a ") < 

V' 




x 



Figure 11 

We observe that, after packing the attributions into classes, the sets 7$, 
ti, eei, eti are still well defined, but we can no longer define gi and eZj. We 
already defined egi{C) in ( |1V.22|) . We add further definitions 



9i(C) 
ik{C) 
eh(C) 



tillik(C) 

{a G L\i a > T i, M(a, C) > A{i) + 1} 
{a G L\i a > T i,M(a,C) < A{i)} 



(IV.27) 



which generalize the notions of internal and external loop lines. Remark that 
egiiC) = eti U ee« U ek(C), and |e/j(C)| = q + c' { . In the same way we extend 
these definitions to the other connected components 



g?(C) := g m (C) , i/*(C) := , ei*(C) := eZ, W (C) 



(IV.28) 



Furthermore the generalized definitions for the convergence degree and the 
set of divergent subgraphs after packing the attributions into classes become: 



u(gi(C)) 
D c 



{\e 9i {C)\-A)/2. 
{ 9i (C) | u( 9i (C)) < 0}. 



(IV.29) 

We return now to the loop determinant in ([111.23j ) . Lemma 3 ensures that 

detM{fi) = detM'(C) (IV.30) 
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and that for each loop half-line a there exists a characteristic function 



Xa(C) : k e B - {0, 1} X k a(C) 



j£k# J a {C) 



1 if jfe e J a (C) . 
Therefore the matrix elements for A4'(C) can be written 

d 2 p 



(IV.31) 



M'fg{Xf,X g ) 



(2vr) 2 
d 2 p 



e -*(«/-.)c(p) x: x* (/ )X^(p)w;% s 



(2*0 

where we omit for simplicity to write the dependence in C, and we defined: 

1 



F f (p) 



{p 2 + m 2 ) 4 



Gg(p) 



m) 



(p 2 + m 2 ) * 



(IV.32) 



v a is the vertex to which the half-line a is hooked and rj k is the cutoff restricted 
to the band k (see equation ( |IH.3|) ). Finally W k is the n x n matrix defined 
in equation ( |III.12| ). Our next lemma is crucial since it bounds the loop 
determinant without generating any factorial. 

Lemma 4 The matrix Ai'(C) satisfies the following Gram inequality: 



det M'(C)\ < J] 

/ 



d 2 p 



V f c (p)\F f (p)\ 2 



n 



d 2 p 

W) 



- 2 V 9 c(p)\Gg( P )\ 2 



(IV.33) 

where the cutoff functions rj(,{p) and i]^(p) corresponding to fields f and g 
are defined in equation ([IV. 44 ) below. 

Proof The Gram inequality states: 

If M is a n x n matrix with elements Mij =< fi,gj > and fa, gj are 
vectors in a Hilbert space, we have \ detM| < lliLi ||/i|| TYj=i I bill- 

To apply Gram's inequality, the matrix elements must be written as scalar 
products. We introduce the q x q matrix l q which is not the identity, but the 
matrix with all coefficients equal to 1. It is obviously a positive symmetric 
matrix. We observe that the matrix W k v , is block diagonal with diagonal 
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blocks of type l qj , and J2 Qj — n- Each block corresponds to all the vertices in 
a given connected component of TV Therefore W itself is positive symmetric. 
We can define the symmetric matrix (2n + 2 — 2p) x (2n + 2 — 2p): 

R k ab ■= X k a xt (IV.34) 

where a and b are the indices for the loop half-lines. By a permutation of 
field indices, we can list first the q half-lines for which x k {C) = 1- In this way 
the matrix R becomes 2x2 block diagonal positive of the type 

( o o ) ■ < IV 35 > 

Now we can group W and R in a unique matrix (tensor product) 

Ka;v', b ■= X k aX k b W v k y (JVM) 

that is still positive as we can diagonalize separately W and R. Hence the 
matrix 

J2v k Ka-,< b = T v ,a-y, b (IV.37) 

k 

is symmetric positive, ClS IS db linear combination (with positive coefficients 
i] k ) of symmetric positive matrices; therefore we can take its square root 
(which is also positive symmetric): 

T v ^a;v', b ^ ' U Vta - WjC U WtC - v ' t l). (IV. 38) 



w,c 



Now, we can write -M'f g as 

cPp 



M 'f9 = j J^f F *f(P) G 9(P) T VfAf);v g A9) 

—- F*{p)G g {p) U VfMf)y , s U v , !S ., VgMg) (IV.39) 

v / v's 

If we introduce the vectors 

Hsip) = F f(p) U v',s;v(f),a(f) ^v's(p) = G gip) U V,s;v(g),a{g) (W AO) 
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we can write M!f g as 



fg 



(WA1) 



Now we can apply Gram's inequality: 



where 
ll^ll 2 



7^T5 Y^^v's)\^v's) = J 77^ Ys U v(f)Af);v',s U v',srtf)Af)\ F f\ 



n+l—p n+l—p 

det^' /g i< n ii^ii n \\&\ 

/=1 3=1 



d 2 p 



(IV.42) 



(2tt) 



(2tt 



d 2 p 
(2^)2 



T 



v(f),a(fyAf)Af)\ r f\ 



:Y,v k (p)x k a{f) )\F f ( P )\ 



(2vr) 2 



<i 2 p 



^ a{/) (p) 1^(^)1 2 (IV.43) 



as (Xa(/)) 2 = Xa(/)> an< ^' as the Dan ds in % a are adjacents, the cut-offs sum 
up (using equations ( |111.2| - |iTl~3| ) to give 



Vc(p) ■■- 



p 2 + m 2 

^A (w M (a,C)] 



p 2 + m 2 

A (w m ( a ,C)- 



(IV.44) 



We can treat in the same way G and this achieves the proof of ( |1V.33| ). □ 



IV. 3 Bound on the series 

We are now in the position to bound the series (|IH.23| ). After packing the 
attributions into packets we can put the absolute value inside the integrals 
and the sums and bound the product of effective constants by c n . Moreover, 
we observe that the two sums J2coi,n hi ( |LH-23|) are bounded by taking the 
supremum over Col and Q and multiplying by the number of elements. We 
have 

< 2 2n+n ' +n "~ p < 4™2~ p 
#{Co/} < N n+1 ~ p (IV.45) 
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Indeed to estimate #{Col} remark that, once T and Q are known, the cir- 
culation of color indices is determined. If there are no external color indices 
fixed (vacuum graph), the attribution of color indices costs N 2 at the first 
four-point vertex (taken as root) and climbing inductively into the tree layer 
by layer a factor N for each of the remaining four-point vertices of the tree 
(see [AR2]). The two-point vertices do not contribute as color is conserved 
at them. When we have fixed the p independent external colors for the 2p 
external fields only N n+1 ~ p choices remain. 

We introduce some notations. Recalling the definitions ( IV.27|) and ( |IV.29|) 
we say that a divergent subgraph gi(C) G Dq is 'D1PR' ('dangerous one parti- 
cle reducible') if, by cutting a single tree line, we can cut it into two subgraphs 
gj(C) and gj'{C), one of them, say gj(C), being a two point subgraph. The 
line to cut is then the tree line Iau)- m Figure 12 we show some examples 
of D1PR subgraphs, where tree lines are solid lines and loop half-lines are 
wavy. 





Figure 12 

All subgraphs that cannot be cut in this way are called D1PI ('dangerous 
one particle irreducible'). We say that a four-point D1PI subgraph gi(C) is 
'open' (as in [R]) if there exists a two-point subgraph gj(C) G D c (called its 
closure) with j < T i (then C gj(C)) and they have two external lines 

in common (see Figure 13). 




Figure 13 
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A four-point subgraph is called 'closed' if it is D1PI but not open. A 
two-point D1PI subgraph is always closed by definition. This classification 
of subgraphs is useful, as only closed subgraphs contribute in the product 
ri 5 e-D c (l — T g)- Applying the definition of r g in the momentum space one can 
see that: 

- if gi(C) is D1PR and Qj(C) is the corresponding divergent subgraph, 
then 



T, 



f), 



(c)(l-T ft .( C) ) = 



(IV.46) 



so the renormalization of gi(C) is ensured by that of gj{C); 

- if QiiC) is four-point and open, and QjiC) is the associated two-point 
subgraph containing it, then 



:i-r, 



gj {C)){r gi (c) 



0. 



(IV.47) 



For any gi(C) G Dc we know exactly which loop half-lines are external 
lines, therefore we can still apply the operator 1 — r* = R* to the external 
propagators, and distinguish closed subgraphs. Hence we define 



Dq := { gi (C) G D c \ gi {C) closed} 



(IV.48) 



and we apply R* only to g G D c . By the relation of partial order in Rj- we see 
that for each pair gi(C),gi'(C) G D c we can only have that giiC) fl gviC) = 0, 
or gi(C) C gi'(C) (if i' < i). Hence D c c has a forest structure. Following 
[R] we define the 'ancestor' of g^C) G called B(gi(C)), as the smallest 
subgraph in Dq containing gi{C): 



max i 

9l „(C)eDg, gi(C)c 9i „(c) 



B( 9i (C)) :=^(C), • 
With all these bounds and definitions, the sum ( |HI.23|) becomes: 



(IV.49) 



h,~,<hp)\< E n'-^cky 

n,n' ,n"=0 

n-1 



1 



\n'\n"\ 



mn'm 



EE (iv.50) 



• o-TE,C 



/ d 2 Xi...d 2 x n I j J dw 

J J0<wi<...<Wn-i<l 



■n-1 



II R l I[D^ w «(x lq ,x lq ) detM'(C) 



gem 



q=l 
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Before performing any bound we must study the action of Il 9 e-Dg Rg 011 the 
tree propagators, the loop determinant and the external test functions. As 
the external half-lines for any subgraph cannot be of type C we will write 
C instead of D in the formulas. We distinguish two situations. 



1) If \eg(C) \ = 4 then u)(gi(C)) = and the action of R* is: 

R* g ( Xl ) f[ C( Xi , Vi ) := E (m) [{[ C(x h Vi )\ 
i=i 

= C{x 1 ,y 1 



(IV.51) 



i=2 



i=l 



C(xi,yi) 



E II Cfa^y^lCfayi) - C(x 1: yi)] ]J C(x 1: yj) 

i=2 2<j<i i<j<4 
4 



i=2 2<j<i 



i<j<4 



where we took as reference vertex x\ and we defined R gi as the operator 
that moves the external line with % on the reference vertex xi, and applies a 
difference S C(xi,Xi,yi) between two covariances on the line i. 

2) If \egi(C)\ = 2 then w(^(C)) = -1 and the action of R* g is: 

i?*(a;i)C , (xi,?/i)C(a; 2 ,|/ 2 ) := R 1 g {x 1 )C(x l ,y 1 )C{x 2 ,y 2 ) 

r 9 

= C(^i,yi) C(x 2 ,y2) - C(xi,y 2 ) - (^2 - a;i) M ^- 7r C(a;i,?/2) 
= C(a;i, 2 /i)[<JiC(a; 2 ,a;i, S / 2 )] (IV.52) 
where we took as reference vertex X \. 



IV. 3.1 Choice of the reference vertex. 

Now, for each gi e -D£ we call the reference vertex v e (gi(C)). In this paper the 
choice of this vertex is adapted to the tree T, and is different from previous 
rules such as [R], chap. II. We adopt the following rule. We call the first 
external vertex of the graph, the one with position Xil the root of the tree. 
We define _D° C and D}. c as the subsets of four-point and two-point subgraphs 

in >K- 
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For every subgraph g G D® c and any vertex of g there is a single path 
in T joining this vertex to the root. This path must contain a single well 
defined external line of g. The vertex to which this external line hooks is by 
definition our reference vertex for g (see Figure 14). 

root root 

root s 1 K 




Figure a Figure b Figure c 



Figure 14 

This rule leaves us free of choosing in a different way the reference ver- 
tex for any two-point D1PI subgraph Dq c . The rule must ensure that open 
subgraphs and D1PR subgraphs are automatically renormalized by renor- 
malization of their closure or proper parts. We decide to take as border 
vertex of any subgraph g G D^f the one to which the highest of the two 
external half-lines of g hooks. Remark that this external half-line is always 
a tree half-line in T, so we know its scale. This rule, shown in Figure 15, 
fulfills the desired requirement, as will be shown below. 




Figure 15 

Finally we add a rule which is not strictly speaking necessary but simpli- 
fies the discussion: to compute the action of the renormalization operator we 
perform first all operations corresponding to two point subgraphs, then all 
operations corresponding to four point subgraphs, starting from the smallest 
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graphs towards the largest. This rule ensures that any external half-line of 
a subgraph g bearing one or two gradients because of the action of the Tay- 
lor operator for g, cannot bear additional gradients from the later action of 
another Taylor operator for a different subgraph g'. 



IV. 3. 2 Processes 



Returning to equations ( |1V.51| ) and ([IV .52 ), we start the renormalization 
for the two point subgraphs from the leaves of Rr (hence from the smallest 
subgraphs at highest energy) and go down. Then we perform the renormal- 
ization of four point subgraphs. Some of them may be already convergent 
due to renormalization of two point subgraphs. Also, even after fixing the 
reference vertex for each closed subgraph, there remains an arbitrary order- 
ing of the other external lines for each four-point graph and a sum over three 
possible terms as shown in |IV.51|. Again some of these terms may themselves 



renormalize some lower four point subgraphs, so the outcome of the renor- 
malization is difficult to capture in a single formula. We index the terms 
finally obtained by an index P, called the process, which summarize all these 
choices made for the four point subgraphs. Hence 

n ( R 9 ) = (e n n R i ( iv - 53 ) 



where D® C (P) is the subset of D® € made of the subgraphs for which R* g rc) 1) 
hence for which there is a non-trivial renormalization. 



R 9 (P) 



pO 



i(P)e {2,3,4} tfgeD° c c (P) (IV.54) 



Hence in equation (|LV.5U|) , the absolute value inside the integrals can be 
bounded by: 



rS-l 

J] R 9 UDl°' w «(x lq ,x lq ) detM'(C)M^)-h P (x Jp 

n-1 

< EIl^A A0 ' W9 (^^OI|det-M' r (C)| mx H ) <* 

P q=l 



(IV.55) 



2p\ X j P / 



where we defined D r , Ad' r , <fi r as the functions obtained after the application 
of IlgeDg(P) Rg(R)- Again we bound the sum over processes P by the supre- 
mum times the number of possible processes. This number is bounded by 
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3 n_1 . Indeed we recall that for any forest T of closed four-point subgraphs, 
we have f{J-) <n—l, where f{T) is the number of four-point subgraphs in T 
[CR, Lemma CI]; this maximal number is not changed by adding n' + n" two 
point vertices because of one particle irreducibility of the closed subgraphs. 

From now on we work therefore with a fixed process P. We introduce 
some notations. We define L°(P) and L 1 as the set of loop half-lines which 
bear some single or double gradient respectively by some R° gi (P) or B} g op- 
erator, L r0 (P) as the set of loop half-lines moved to the reference vertex by 
some R gi (P) and L U (P) the loop half-lines left unchanged. In the same way 
we define the sets T°(P), T 1 , T r0 (P) and T U (P) for the tree half-lines, and 
E°(P), E 1 , E r0 (P) and E U (P) for the external half-lines. To avoid confusion, 
from now on we call and fa the two half-lines forming the tree-line U. 

IV. 3. 3 Interpolations of the lines 

For a four-point subgraph the difference 5oC is expressed by 

5 C(x,x v ,y) = f 1 dt^-C(x(t),y) (IV.56) 
Jo at 

For a two-point subgraph 5±C is expressed by 

S 1 C(x,x v ,y) = £dt(l-t)^C(x(t),y) (IV.57) 

This means that the external line hooked to x has been hooked to the 
point x(t) on any differentiable path joining x to x v and has now a propagator 
(see Figure 16) 




g Rg4 R g3 R g2 

Figure 16 



C>(x(t),y) := -C(x(t),y) (IV.58) 
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or (see Figure 17) 



R 1 




(IV.59) 



Figure 17 

In previous perturbative or constructive works, this path x(t) is always 
defined to be the linear segment connecting x to x v hence is parametrized by 

x(t) := x v + t(x — x v ) x(0) = x v x(l) = x (IV. 60) 

But with the continuous band structure this obvious choice when applied to 
tree half-lines leads to difficulties. It is therefore more convenient to treat 
differently the loop, tree and external half-lines. Loop lines and external 
half-lines (except the root) do not affect spatial integration (recall that this 
spatial integration is performed using the decay of the tree lines). So for 
them we can choose the obvious linear interpolation that makes easier to 
factorize the matrix elements of Ai' as scalar products and to apply Gram's 
inequality. For the tree lines it will be convenient to exploit the existence of 
T to choose a different path. 



IV. 3. 2. A: Loop lines Now for each h a G L°(P) U L 1 we define 

x a (t) := x Ve + t(x a - x Ve ) (IV.61) 

which is the obvious linear path. 

The propagator for the line bearing the difference becomes respectively 
for a four-point and a two-point subgraph 

C°(x a (t), y) := ±C(x a (t),y) = (x a - Xv )^C(x a (t),y) (IV.62) 
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C\x a (t),y) := (l-t)^C(x a (t),y) = {x a -x v Y{x a -x v f -^-^C{x a {t), y). 

(IV.63) 

If the second end of the line y is also moved we just apply the same 
formulas to C°(x a (t), y) and C l (x a {t), y), interpolating y. Introducing these 
formulas into the matrix element -M'^g we can factorize it as the scalar prod- 
uct of Ff and G r g where 



Ff = F f for h f £ L°(P) U L 1 

d 



(IV.64) 



Ff = J dt(x f - x v y—F f (x f (t)) for hf G L°(P) 



dt{\ — t)(xf — x v Y(xf — x v ) 1 



d d 



F f (x f (t)) for h f E L 1 



dx u dx^ 

where Ff, G g are defined in ( |IV.32|) . The same definitions hold for G T . With 
these definitions the determinant is bounded by 



detAr(c)i<nnnn nil? 



(IV.65) 



/ 9 

Now we can bound the norms using the following lemma. 

Lemma 5 The norms of Ff and G g satisfy the bounds 

\\Ff\\ 2 c < K [A (w M (f,c)) ~ A (u7 m (/,o-i)] 
\\G g \\l < K [Ao(wM(fl,c)) - A (w m ( 5 ,c)-i)] 

Proof Applying the definition (LV.44), is written 



(IV.66) 



Vile 



< 



d 2 p 1 

(2?r) 2 (p2 +m 2)| 

^0 2 («'m(/,C)-l) 
2 



P 



m 



p + m 



v Ag(w M (/,c)). 



A o(^m(/,C)-i; 



A («>m(/,C)-l) 

A o 2 ( w M(/,q) 



da f — i]'[(p 2 + m 2 ) a]) 



da Ti a 2 
< K [A (w M (f,q) ~ AoK(/,c)-i)] 



du-v/ul— f/(i>)] 



(IV.67) 



where, in the third line, we performed the change of variable v = a(p 2 + m 2 ). 



The same result holds for 



□ 
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A similar argument can be performed for loop lines with some gradient 
applied. Each derivative adds a factor a~2 in the integral. With these 
definitions the determinant is bounded by 

J| [A (w M (a,C)) - Ao(Wm(a,C)-l)] 3 

aeL u (P)UL T °(P) 

II \ X a - x v(a)\[A-l(w M (a,C)) ~ Ao(w m ( ,C)-l)] 5 
a£L°(P) 

II \ X a ~ Xv(a)\ 2 [^o( W M(a,C)) ~ Ao(w m ( a , C )-l)] 5 (IV.68) 
aeL 1 

IV.3.2.B: External lines The only external line essential in spatial inte- 
gration is the root y\, then we can choose this point as reference vertex for 
the whole graph so that it is never interpolated. For the other external lines 
we take again the easiest formula, the linear one. All gradients generated by 
moving the external lines in fact apply to the test functions. Therefore the 
product is bounded by 

n ii^.iu n i 

DC 

n ^ie-xvWiWoo (iv.69) 

IV.3.2.C: Tree lines Now we consider tree lines. 

We observe that the set of /», /, G T r0 modifies the tree T but does 
not disconnect it in the sense that it simply changes the hooking vertices 
of some line. On the other hand, interpolating each fi, fi G T°(P) U T 1 
with the linear rule (equation ( |IV.60|) ) in an intuitive sense "disconnects" 
the tree, since the point x(t) in general no longer hooks to some point on a 
segment corresponding to a tree line. This defect would lead to difficulties 
when integrating over spatial positions. To avoid it we express the differences 
8qC and 8\C using the connection between external vertices of any subgraph 
which is provided by the tree T itself. But, as the tree T is itself modified by 
renormalization, this process has to be inductive, starting from the smallest 
two point subgraphs of D}, c and proceeding towards the biggest, then again 
from the smallest four point subgraphs of D^ C {P) and proceeding towards 
the biggest. 
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Our induction creates progressively a new tree T(P, J). To describe it, 
we number the subgraphs to renormalize in the order the operations are 
performed as gi,... g r . At the stage 1 < p < r, before renormalization of g p , 
the tree is called T(P, J p -i) (we put T(P, J ) = T). If the renormalization 
of g, p as specified by the process P does not act on a tree half-line external 
to g p , we neither modify J p -i nor T(P, J p -i). If the renormalization of g p 
results in some half-tree line fa or fa belonging to T r0 (P), as shown in Figure 
18, case 1), we do not modify J p -i, so we put J p = J p -i, but we modify 
T(P, J p -i), that is we define T(P, J p ) as T(P, J p -i) but with the half line 
now hooked to the reference vertex of g p . 

Finally when the renormalization of g p interpolates a tree half-line fa or f\, 
we modify both J p „i and T(P, J p -i). There exists a unique path vlj^ p '^ 
joining the vertex Xf where the half-line hooked to the fixed vertex of g p . 
This path is made of q lines and goes through q + 1 vertices with positions 
x = x v ,Xi, ...,x q = Xf. We interpolate the half line using this path instead 
of the linear path. This means that we write, if g p is a four point subgraph, 



8 C(x f ,x v ,y) = Y, S oC(x j ,x j - 1 ,y) 



= E^-x^r [ dt Q^ C ^U) (IV.70) 



and if g p is a two point subgraph we write 



SiC(x f , x v , y) = 5 C(x f , x v , y) - (x f - x v f-—C(x v1 y) 



V 



= E 5 C(xj, Xj-!, y) - Y,i. x 3 - x 3~iY jri^ C ( x j~ u y ">~ 

j=l j=l \_ OX j-l 





k=l ux k ux k-l 



= I'dt^il-t^-x^nxj-Xj^Y^Cixjit)^) 



+ / dt^J2( x j-x j - i nx k -x k ^r-—C(x k (t),y) (IV.71) 




3=1 k=l 
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where for each j (and k < j) we defined 



Xj(t) := xj-i + t(xj - Xj-i) , x k {t) := x k ~i + t(x k - x k -i) ■ (IV. 72) 

Then we update J and T. In the first case, where g is a four point 
subgraph, we define J p = J p _i U {j}, where j is the index of the line of 



T(P, Jp-i) chosen in [IV.70| . In the second case, where g is a two point 
subgraph, we define J p = J p _i U {j} U {k}, where j and k are the indices of 
the lines of T(P, J p -i) chosen in |IV.71| . Finally we update the tree according 
to Figure 18, case 2 and 3. 





Xk-I 




Case 1 Case 2 Case 3 

Figure 18 

This means that, for g p a four point subgraph, in T(P, J p ) the external line 
hooked to Xf is now hooked to the point Xj(t) on the tree segment [xj_i,Xj] 
and has propagator 

C°Mt),y) := (.<•, .'•, i-oi/).//). (IV. 73) 

For g p a two point subgraph, the external line previously hooked to Xf is now 
hooked to the point x k (t) on the tree segment [x k -i, x k ] (with k < j) and 
has propagator 

d 2 

C (x k (t),y) := (xj - x j ^ l Y(x k - x k - 1 ) v -^pC{x k {t), y) k^ j 

C\x {t) iy ) := (l-t)( Xj -x^ l Y{x j -x^f^-Cixj^y). (IV. 74) 

Remark that the new tree T(P, J p ) has therefore one additional vertex 
and one line more than T(P, J p _i). The final tree built inductively in this 
way, T(P, J) is still a tree connecting all initial vertices, with at most n — 1 
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new vertices and new lines (as n— 1 is the maximal number of closed divergent 
subgraphs) . 

The treatment of two or four point subgraphs and the rules for their fixed 
vertex being different, we write J = J° U J 1 , where J° is the set of indices j 
for the interpolations associated to the renormalization of four point graphs, 
and J 1 is the set of indices j g and k g for the interpolations associated to the 
renormalization of two point graphs. 



IV. 3.4 Bound on the sum over J 1 and on the associated distance 
factors 

Now, before going on, in order to reproduce the spatial decay between sup- 
ports of Theorem 3, we take out a fraction (1 — e) of the exponential decay 
of each tree line in ( |11.16| ) and (|11.17| ): this factor is bounded by 



n-l 



TT e -(l-e)|x i -a: i |A™'K) < e -A m (l-e)d T (n 1 ,...n 2p ) 



(IV.75) 



and we keep the remaining decay e~( e ' 2 >\ Xi ~ Xi \ A ™( Wi ' (adjusting e' = e/2) for 
two purposes: a fraction of this decay is used to perform spatial integration 
and the other to bound the sum over J° and the distance factors generated by 
equations (PV.62|) -( PV.63|) and ( |IV.73|) - (|IV.74|) . Therefore we have to bound, 
for a fixed process P 

f dx A ( x > ^ P, T ) B (x, J, P, T) (IV. 76) 

j 1 j° 



where 



A(x,J,P,T):= Yl \ x j ~ x j-i\\ x k - Xk-i\ \ x a-x v \ 2 
fiJieT 1 h a eLi 

x ie -x v \ 2 e-^l*'-"!^^) (IV.77) 

1<=T(P,J) 



n 



B(x,J,P,T):= Yl \ x j- x i-i\ II \x a ~x v \ 
fiJieTO(P) h a eL°(P) 

II \ x i e -xv\ II e-Wto-'WW (IV.78) 

h ie eE°{P) l£T(P,J) 
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where J specifies in particular the distance factors \xj— Xj-i\ and \xk — Xk-i\, 
as explained above. 

The strategy of the bound is to write 

£ £ / A & J, P, T) B(x, J, P, T) < £ £ M-J, P, T) f dx B(x, J, P, T) 

J 1 jo J J 1 jo 

(IV.79) 

where A(J, P, T) := sup x A(x, J, P, T). 

For each divergent subgraph gi G T> c c we define t(i) as the index of the 
lowest tree line in the path of T(P, J) joining x v ( 9i ) to the interpolated half- 
line which renormalize it. The next lemma proves that A(J,P, T) is bounded 
by something independent of J: 

Lemma 6 

A(J,P,T)<K n J] [AoK W ) - A o(«u»)r 2 ( IV - 8 °) 
where K is some e dependent constant. 

Proof For each loop or external line the difference | be bounded, 

applying several triangular inequalities, by the sum over the tree lines on the 
unique path in T(P, J) connecting x to x v . 

We observe that the same tree line lj can appear in several paths con- 
necting different pairs of points x v ,x. Using the same fraction of its ex- 
ponential decay many times might generate some unwanted factorials since 
sup a .a; n exp(— x) = (n/e) n . To avoid this problem we define Dj as the set of 
subgraphs gi G V}P U £>° C (P) which use the tree distance \x^ — x^ \ to bound 
the norm of \x — x v ( gi )\ or its square and we apply the relation 

g-fl^.-^.iA-K) < e -fl^-^lE 9ieD .[ A oKw)- A o(^w)] (iv.81) 

With this expression a different decay factor is used for each subgraph. Ap- 
plying this result and the inequalities xe" x < 1, x 2 e~ x < 1 completes the 
proof of the lemma. □ 

It is proved in the next section that the sum and spatial integral 
Y,jo J dx B(x, J, P, T) is in fact independent of P and J 1 (and of the interpo- 
lation parameters t that we omitted). Therefore the sum over J 1 will simply 
lead to the bound of the next section multiplied by the cardinal of the set 
J 1 , that is by | J 1 ]. This is done thanks to the following lemma: 
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Lemma 7 We have IJ 1 ! < e 



2n 



Proof We consider the graphs gi,...g ri of Djf in the order used for their 
renormalization in subsection IV.3.2.C. We define, for each such two point 
subgraph g G D^f the set A(g) of maximal subgraphs g', g' G Djf, g' C g, 
and the reduced graph g/Djf where each g' G A{g) has been reduced to a 
single point. 

We also count the number L g of lines on the unique path in the tree 
T H g/D^f which joins the two external vertices of g. Remark that this 
number L g is independent of J and that J2 g eD^ c L g < n — 1. Finally we 
define the subset A'{g) of ^4(<?) made of those g' in A(g) which appear as 
reduced points on this unique path (see Figure 19). 




Figure 19 

By induction one can bound the number of choices in J 1 by 



i^i < n 



L B+Y,g'eA'(g) k 9' jg 

E Ei 

jg = l k g = l 



(IV.82) 



where this product is again ordered from the smallest to the largest graphs. 



Now for any positive increasing function / we have J2f=i f(j) < Ii +L f(x)dx 



so that 



i^i < n 



< n 



1+L "+T lg 'eA'( g )y a ' , r 1+x 



l + L 9+Y.g'eA'i. 3) y 9 



dx n 



dXr 



dy„ 



(IV.83) 



/ dy g < e 2ri [] e L * < 



„2n 



1+x 

where in the last inequality, we bounded the last integral J 3ri dy 9ri by 
e 1 +x gri anc | ^hen effectuate each integral exactly and bound each difference 
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e x — 1 by e x . Finally we used the fact that every subgraph g' is in A'(g) for 
at most one g, and the fact that 2ri < n — 1 (again [CR, Lemma CI]). □ 

Remark: This lemma does not apply to J°. For a counter-example, the 
reader can look at the following graph and tree, for which J° can be of order 
K n (n/5)\. 

interpolated lines 




graph tree 

Figure 20 

IV. 3. 5 Bound on the sum over J°, on the associated distance fac- 
tors, and spatial integration of the vertices 

It remains now to perform the sum over J° and the integral over the po- 
sition of internal vertices, using the remaining tree decay in B which is 
llzeT(p.j) e _< - <E//4 ' ) ' :,:i ~ :!: '! A o l< "' i ' ) , and to check that the result, as announced, is 
independent of P, J and of the interpolation parameters t. We recall that 
A™(» was defined in (|ITT8|) . 



Lemma 8 

/ft— l 
dx B(x, J, P, T) < K n n [AoKo) " AoCtiUG))]" 1 II 

(IV.84) 

where K is some e dependent constant. 



Proof First we divide one half of our remaining tree decay as in [IV. 81 

This half will be used to bound each distance factor in I\h a £L°(P) \ x a — x, : 

o 



I\h te GE°(P) \ x ie ~ x v\ as in Lemma 6, the sum over J° and the distance factors 

n/j,/i€T°(p) \ x j - x j-i\- 

As in Lemma 6, each distance factor in l\h a eL (P) \ x a~ x v\ I\h ie eE°(P) \ x i e ~ 
x v \ leads to a bound K[A (w t (i)) — A (w^(j))] _1 . 
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Then we perform the spatial integrals from the leaves of the tree T(P, J) 
towards the root xi, using the other half of the tree decay. In this inductive 
process when we meet an interpolated line hooked at some interpolated point 
Xj(t) or Xk(t) two different situations can occur, as pictured in Figure 21. 
The second situation (interpolated point not towards the root) can occur 
only for interpolations of two point subgraphs, hence associated to the J 1 
indices. The first situation (interpolated point towards the root) must occur 
for all interpolations associated to four point subgraphs plus possibly some 
interpolation associated to two point subgraphs. This is the consequence of 
our rule for the preferred vertices of four point subgraphs (the interpolations 
associated to four point subgraphs always bring nearer to the root). 

The sum over J° is performed in pieces; the sum over each index j g 
in J° is performed right after the spatial integration which has used the 
corresponding interpolated line. By the remark above, each sum over j g in 
J° occurs in the first situation of Figure 21. 




F 'S' a Fig. b 

Figure 21 

The decay of any tree line k = [x, y] with both ends /„/,£ T u (P)UT r0 (P) 
gives, by translation invariance, a factor: 

J e -W)\*-v\W»i)# x = 1287re- 2 [A™K)]- 2 (IV.85) 

Surprisingly, the same result holds when one or both ends of the line have 
been interpolated, as we explain now. 

- In the first situation of Figure 21, y, the other end of the interpolated 
line, is connected to the root through the interpolated point (see Figure 
21a). We can integrate over y before integrating over Xj and Xj-\. We use 
translation invariance to cancel the dependence from Xj(t) in the interpolated 
covariance. The integral over the variable t is bounded by 1. The spatial 
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integral over y then gives the same factor as in ( |1V.85| ). Then we perform 
the corresponding sum over j in J° using 

i^-x^iie-f^ 1 ^-^- 111 ^ ^^-^^))] < ir[A (^ t(i) ) -AoC^j)]- 1 

(IV.86) 

-When the point x{t) is connected to the root through y (see Figure 21b) 
we have to compute the integral 

1 = j*dtj d 2 Xj d Vi e-^l^^'-l^^^e-^I^W-^^^) (IV.87) 

where Xj(t) = Xj-i + t(xj — Xj-\). Performing, for t ^ the change of 
variables 

v\ = Xj(t) = txj + (1 — t)xj-i v 2 = —(xj-i — Xj(t)) = (xj-i — Xj) (IV.88) 
the integral becomes 

dt J d 2 Vl e ~(^)MKM J d \ 2 e -(e/8)|« 2 |A^K) 

= [128vr e - 2 ] 2 [A-(^)]- 2 [A™(^)]- 2 (IV.89) 

This is again the same contribution as ( |1V.85| ), hence the same contribution 
as if the line had not been interpolated! 

Following the tree from the leaves to the root we can perform the integrals 
over all positions in this way, except for x^. This last point is integrated 
using the test function <f>x, which gives a factor ||0i||i. Hence, the result of 
all spatial integrations is K n TIg=i (-^■o L ( w g))~ 2 an d the sum over J° has been 
performed at a cost of K n (although \J°\ can be very large). This completes 
the proof of Lemma 8. □ 

Since the result of Lemma 8 is independent of J 1 , as announced, we can 
apply Lemma 7. Let us collect the result of Lemmas 6-8, together with the 
other factors remaining after spatial integration. The product over tree lines 
propagators, is bounded by 

K n (A~ 2 - A 2 ) n ~ 1 e " (e//4)m2A o 2(,Ul) • 

n— 1 

■ n A oO?) n A «K) n a oK) av.90) 

1 = l f g J q £T'UTO(P) fqJqZTl 
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where K is some e dependent constant, and we included the scaling prefactors 
in ( |II.16| )- (|H.17|) . These factors are 

- a factor A (u>) 3 for each tree line, 

- a factor A (w) for each half-line in T°(P), 

- a factor A (w) 2 for each half-line in T 1 , 

- a factor A Q (w) for each half-line in T", the set of half-lines hooked to a 
8( vertex which bears a derivative, hence has covariance C. 

Remark that we kept for only one line, the lowest one, the massive decay 
e -(e/4)m 2 A- 2 («,!) from bounds ( fTWj ) - (|ITT7|) . It will be useful only to conclude 



the bound in the massive case when A < m. In this case the vl vertices of 
type 8m may create some infrared difficulties if we were to replace directly 
for them the factor (A™(w q ))~ 2 by (A (w q ))~ 2 . We introduce the set T of 
the tree lines used for integration of the 8 m vertices. There are n' of them 
(or n' — 1 if the root is of type 8m, a case we will exclude for simplicity). 
Recall that by ( |11.18| ) we have 

(A^K))- 2 < (AoK))- 2 (IV.91) 

(A^K))- 2 < m-^AoK))" 1 (IV.92) 

We use the bound ( |1V.92| ) only for the lines of T when A < m. For all other 
cases we use the bound (TV. 9 II). 



IV. 3. 6 Integration over the parameters Wi 

Now, putting everything together, we describe first the bound when A > m, 
hence A m = A. Equation ( |1V.50| ) is bounded by 



2p 

|r^(0!,...0 2p )| < ||0i||iniNk2 



i=2 



N i-P e -(i-e)A m d T (n u ...n 2p ) /^-2 _ Aq 2 )"" 1 

oo -r „ n— 1 

£ {cK)n s £/ < < < <x n dw q 

n,n',n"=0 n[71 M ! o—T e.C — Wl — '"— Wfi ^ 1 — q=l 

n-1 

nAoK) n A oK) n a oK) 

i =1 f q j q GT>uT0(p) f q ,f q en 
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n A oK( a ,c)) 

a&L u (P)(jL r0 (P) 



A (w M (a,C)) . 



n a oKm) 

aGL°(P) 



x _ Ag(w m (a, C )-l) 
Ao(^M(a,C)) 



0_ 

II A oK(«fl) 



aeL 1 



n Ao'Kw) 



1 _ A^(w m ( Q;C )-i) 

Ao(?«M(a,C)) 

1 _ A (w^(j)) 
Ao(iut(*)) 



n A o 2 ( Wt0 



1 _ Aq(w^)) 

Ao(i"t(»)) . 



1 -2 



(IV.93) 



The differences 1 — A (w A (i)) / A (w t (i)) are dangerous as they appear with 
a negative exponent. They are the price to pay for implementing continu- 
ous renormalization group. Indeed, in this continuous formalism one has to 
perform renormalization even when the differences between internal and ex- 
ternal energies of subgraphs are arbitrarily small. However, there is a natural 
solution to this problem: each subgraph to renormalize has necessarily loop 
lines and these loop lines, when evaluated in the continuous formalism by 
Gram's inequality, give small factors precisely when the differences between 
internal and external energies of subgraphs become arbitrarily small. 

In other words, we can cancel the dangerous differences with a negative 
exponent against the analogous differences with a positive exponent given by 
the loop lines. This is the purpose of the next lemma. 

Lemma 9 If g^ e V^°(P) there is at least one loop line internal to which 
satisfies A {w M { a ,c)) < A (w t{i) ) and A (wm(a,c)-i) > A (w A{i) ). If g t E Vf 
there are at least two loop lines internal to gi and which satisfy A (u>M(a,c)) < 
A (w t{i) ) and A (u> m ( a , C )-i) > A (w A(i) ). 

Assuming the lemma true, and using the relations < V% and 

one obtains 



l-x 



n 1 

a£L u (P)UL r "(P) - 



A (w 



m(a,C) — 1/ 



A (w M (a,C)) 



n 

a£L°(P) 



w. 



m(a,C)—l i 



Al(w M (a,C)) _ 
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n 

aeL 1 

n 



A^(W m (q, C )-l' 

Ao( w M(a,C)) . 



1 - 



0> 



A 



n 



< 5 



n-1 



Aq(w4 W ; 

A (w t ( 



OJ J 



(IV.94) 



where we bounded by 1 the loop lines differences that were not used to 



compensate some 



Ao(«U(i))/Ao («;*(<)) 



factor. 



Proof of Lemma 9 We observe that the lowest tree line in %(J, P) 
joining the interpolated line and the reference vertex is external line for the 
two subgraphs of g iy gt{i)i and gui)2- One of these two subgraphs has for 
external line the reference external line of g,i and the other has for external 
line the interpolated line moved by the renormalization R*. But gt(i)i and 
gt(i)2 must both have at least some additional external lines, otherwise g^ 
would be D1PR. By parity gt(i)\ and gt{%)2 must both have at least two such 
additional external lines. 
We distinguish two cases: 

- If <7j G T>c°(P), since there are at most two additional external lines of 
gi, we find that there must be at least two external half-lines of gttm U gt{i)2 
different from l t u\ which are internal in g^. If they are both loop half-lines 
we are done. If some of them is a tree half-line, the other half is external line 
for another subgraph of gi, g' . Repeating the argument for g' (as \eg\ = 1 is 
forbidden) we finally must find an associated loop half-line (see Figure 12). 

-If gi G T>^, since there was no additional external line of gi, then both 
<7t(i)i and gtu)2 must have at least two external half-lines different from l t u\ 
which are internal in g^ Either these four half- lines are loop half- lines and 
we are done, or some of them are tree lines, which we follow as above until 
we find the corresponding loop half-lines. □ 



After applying the bound ( |1V.94| ) we can take the limit A — > oo. 
forming the change of variable Ui = 1 — Wi equation (|IV.93|) becomes: 



Per- 



2p 



|r^(0 1; ...0 2p )| < ||0i||inil^lloo, 2 e- 



-(l-e)A m d T (Vt 1 ,...n 2p ) 



i=2 



oo \ r n— 1 

Nl ~ p s A2 ~ p - n '( cK rMn E e/ 0< < K <x n ^ 
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II ( U M(a,C)) 4 



II ( U M(a,C)) 4 
aeL°(P) 



aGL 1 



n ("*«))' 



n ( u t(ih 



(IV.95) 



To factorize the integrals we perform the change of variable: 

Ui = fiiUi-i Pi e [o, l] 



(IV.96) 



where by convention uq — 1. The Jacobian of this transformation is the 
determinant of a triangular matrix hence it is given by: 



n-l 



(IV.97) 



i=l 



We absorb A n ' into the term K n since we recall that A > m hence that 
A -n = ) and that in Theorem 3 A m remains in the compact X, 

hence is bounded away from 0. Then the integral ( |1V.95| ) becomes 



2p 



r2p(01,--02p)| < ||0l||lII ll<NI°o,2e~ 



(i-e)A m d T (n 1 ,...n 2p ) 



(IV.98) 



i=2 



n,n',n"=0 ,ul '" ' o-TE,C J(l J ° i=l 



ft-1 
i=l 



n -J— 



n 



/ 9 ,/ 9 6T 



II (/3M(a,C)-A) * 

a€L u (P)UL r0 (P) 



II (Alf(a,C)— A) 
aGL°(P) 



aeL 1 



n (Aw-A) 

9l GPl c 
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Each (3i appears with the exponent — 1 + Xi 



\n — z\ 



■\[\S?{C)\ 



N 



\m 



ILi{C)\ 

\IL°(C)\] + [\Sl(C)\ 



\IT}\ 



\IL]{C)\] 

(IV.99) 



where we defined 



ITl 
ILiiC) 

she) 



{./•,./•(••/•"(/') ./>/} 

- •/•'./:>/•} 
{a e L\M(a,C) > i} 
{a e L°(P)\M(a,C) > *} 
{a e l}\M{a,C) > 1} 

{ gj evl%P)\t{j)>i} 
{m e v\ c \t(j) > i}. 



(IV.100) 



c(i) is the number of connected components in Tj(P). All these definitions 
can be restricted to the connected components: IT® k JTl k , IL k (C), IlP k (C) 
IL} k (C), Sf k (C) and Sj k (C). We observe that iX»(C) corresponds to the set 
of half-lines that could have, in the class C, fi(a) > i and it is the equivalent 
of I Li defined in ( |111.9| ). ITf (respectively ITl) aric ^ IL^iC) (respectively 
ILj(C)) are the set of tree half-lines and loop half-lines at a level higher 
or equal to i, which are the interpolated external lines for some divergent 
subgraph in £>° C (P) (respectively in T>(f), Sf(C) (respectively S}(C)) is the 
set of subgraphs in V^ C (P) (respectively in T>^) that have the internal tree 
line l t (j> of a level higher or equal to i. In the same way, we can define the 
equivalent of ELi and Ei as 



EU{C) := U c k %el k (C) 



(IV.101) 



which is the set of loop half-lines that are forced to have /x(a) < i, and 



E t (C) := U c k %eg k (C). 



(IV.102) 



The integral in the variable d/3i can be performed only if the exponent of $ 
is bigger than —1. Using the relations 



n 



c(i) 

k=i 



+ N,« + N 



Ilk I 



11 
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\E t (C)\ = lELiiQl + lETil + lEEt] 

= 2|7V i |+2-|/L i (C)| , (IV.103) 

the exponent of fa can be written as — 1 + Yfk=i x ii where 

1 " 
~ 2 

+[|Sf(C)| - |//f | - \IL° k (C)\]+2[\Sl k (C)\ - \ITl k \ - \IL]\C) 



1 (|/;f(C)|+2|^| -4) (IV.104) 



Remark that for any level % we have 

" Wl " > [|#(C)| - |/T/| - |//KC)|] > (IV.105) 

as each half-line in IT® {IT}) or IL®(C) (ZLj(C)) is the external interpolated 
line for a subgraph gj. This subgraph <?j must have j > i hence have t(j) > i. 
Therefore for each half-line in one of these sets there is always at least one 
corresponding half-line in Sf(C) (S}(C)). 

Lemma 10 For any connected component in T k we have x\ > 1/2. 
Proof We distinguish three situations. 

- If \E k {C)\ > 5, in fact, by parity of the number of external half-lines of 
any subgraph, \E k (C)\ > 6 and then 

x?>(l/4)(|S*(C)|-4)>l/2. (IV.106) 

- If \E k (C)\ = 4, then there must be a subgraph gj e T>^{P) with j > % 
(j = i only if /j belongs to the connected component T k (J, P)) and A(j) < i. 
Hence the interpolated line for gj does not belong to IT® k or /L° fc (C), but 
the corresponding internal line l t (j) belongs to S® k . Then 



' ; l IT° k \ - |//° fc (C)| > 1 (IV.107) 



and 



x k = \[\N' k \ + [|5<*| - |//f | - \IL? (C)|] + 2[\S] k \ - \IT} k \ - \IL] k (C)\} > \. 

(IV. 108) 
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Finally if \Ef{C)\ = 2 one can see, by the same arguments, that 

| S ifc| _ | JT ifc| _ \iL] k (C)\ > 1 (IV.109) 



and 

1 2 



x \ = h-l + IN'^I + [|S° fe | - 1/7**1 - \ILf{C)\] + 2[\S] k | - \ITl k \ - \IL]\C\) 



> [-1 + 2[\Sl k \ - \ITl k \ - \ILf{C)\\ > 1/2. (IV.110) 

□ 

Now we can perform the integrals in equation ( |IV.98|) and we obtain 



2p 



i=2 



1 _ _ _ ^ | 

cKT — 

n If 

n,n',n"=0 



(K m ) 2 ~ p N i ~ p y (cKf yyy n — ■ — 

^ V ; n\n'\n"\ vrW Yt\ x k 



where we wrote the sum over ordered trees as sum over unordered trees and 
sum over all possible orderings a of the tree. The sum J2c is over a se t 
whose cardinal is bounded by K n so it's sufficient to bound them with the 
supremum over this set, as we are interested in a theorem at weak coupling 
A. However the sum over E to attribute the 2p external lines to particular 
vertices runs over a set of at most n 2p (this is an overestimate!). This will lead 
to the factorial in Theorem 3. We remark however that a better bound on 
the behaviour of the vertex functions at large p can presumably be obtained 
when the external points are sufficiently spread (not too closely packed), but 
we leave this improved estimate to a future study. 

Moreover, we bound ™ J2 U -T /CO by ^ sup n _ r \f(T) \ using Cayley's 
theorem. Therefore, by Stirling's formula, it's enough to consider the un- 
ordered tree T which gives the max n _r \f(T)\. The sum that could still give 
some factorial is Y^ a - To bound it we use the product of fractions obtained 
after integration on the 



if \ET k \ > 5 we have 



{\ET k \ + \EE k \ + \EL k {C)\-A)/A > {\ET k \-A)/A > 



\ET k \ + 1 
24 

(IV.112) 
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• if \ET^\ < 5 we have 

I ET k \ 4- 1 

xf>l/2>i— tp- (IV.113) 

Now \ETi\ depends on the (now unordered) tree T and on its ordering a. 
Therefore we call it from now on \ET?\. Recall that it is the total number of 
external tree half-lines of the subset % a of T made of the n — i highest lines 
in the permutation a. Since ^ k (\ETj*\ + 1) > \ETf\ + 1, equation ( |IV.111| ) 
becomes 

2p 

|rt(0i,...<M < ||0x||i nil^lloo,2e- (1 - e)ArodT(Ql -- n ^ 

i=2 

oo n— 1 i 

{An 2- PN i- P £ n^(cKr +n ' +n ''J2]J ——— (IV.114) 

n,n',n"=0 ° i=l I « I ' 

At this point we can apply a result of [CR] (Lemma A,l, B.3, B.4) which 
states that for any tree we have 

n—l 



EII rppFj T 1 <4 fl - (IV.115) 

For completeness let us recall the proof of this result. For each tree T we can 
define a mapping £ of T on a chain-tree with the same number of vertices: 

£:T^£ T (IV.116) 

To define £, we turn around T starting from an arbitrary end line, and we 
number the lines in the order we meet them for the first time. The lines of 
£r are numbered in the same way and £7- associates the lines with the same 
number. 
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Figure 22 

Now we observe that the sum over the orders on T corresponds to the 
sum over all permutations of the indices in £(T). Moreover Lemma B.3 in 
[CR] proves that for any connected or disconnected subgraph R of T, we 
have 

ET{R) + 1 > c{ir{R)) (IV.117) 

where c(£t(-R)) is the number of connected components of the image of R 
£t(-R) an d ET(R) is the number of external half-lines of R in T. Finally we 
note that £(Tj) is the set of lines with number j > n — i so we can write 

n— 1 i ft— 1 i 

En^TT=En^ := A,, (IV.118) 

a j=l l-QJi I + 1 a i= l C(A J 

where is the set of lines in the chain-tree £(T), that have a(j) > n — i 
(after the permutation a). Now, applying Lemma B.4. in [CR], we obtain 

A n <4 n (IV. 119) 

We recall that this can be proved by remarking that satisfies the inductive 
equation 

n-l 

A n = £ A p A n _ k , (IV.120) 



fc=i 



so that equation (|IV.114j) becomes 



2p 

|r^,(0i,...0 2p )| < ll^lknil^lloo^-^ 1 -^^^--^ 

i=2 
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(A m ) 2 ~ p N 1 ~ p n 2p {AcK) n (IV. 121) 

n,n' ,n"=0 

where K depends only on e. Taking c small enough completes the proof of 
the theorem in the case A > m, since X^^ 2Pe_n — K p (p\) 2 . 

In the case A < m, we have a few changes to perform. Replacing the 
lines of T' in ( |TV.90| ) by the bound ( |IV.92|) , keeping the massive decay factor 
e -(e/4)m 2 A (uii) j n 9Q|j an( j passing to the limit A — > oo we have the 
following changes: in ( |IV.95|) we add the factors 

(A/m) n '[I] (u q )- 1/2 ]e- {e/A)uim2A ~ 2 (IV.122) 
i q eT> 

The factor (A/m) n ' exactly changes A 2 ~ p ~ n> into A 2 - p m" n ' = A 2 - p (A m )~ n '. 
The factor (A m )~ n is absorbed in K n since A m in the hypothesis of The- 
orem 3 remains in the compact X. Passing to the variables /3j, the factor 

I I 

[Ui q eT'( u qy 1/2 ] is bounded by the factor Hi Pi in ( |IV.104|) , which was 
previously bounded by 1, hence not used at all. Finally the last integral over 
Pi becomes bounded, for p > 2 by: 

A 2- P f 1 ^-2)/2<m e - {e/iW ^ (IY123) 

JO Pi 

Changing to the variable v = (e/4)m 2 PiA~ 2 we obtain for the final bound a 
factor 

em 2 A- 2 /4 , w Aq, 



. , pern A /4 / , , w 7) , — 

(4/em 2 )( p - 2 )/ 2 / v ( P -2)/2^ e -, < (A m ) 2 -vK p J^. (IV.124) 

The case p = 2 is easy and left to the reader. Hence Theorem 3 holds in 
every case, by combining the factor y/pl with the factor (p\) 2 coming from 
the sum over E. Remark that in the case m = 0we have never A < m, hence 
the factor (p!) 5//2 can be replaced by (p!) 2 . 



V The Renormalization Group Equations 

In this section we establish the renormalization group equations obtained 
when varying A and we check that for a fixed and small renormalized coupling 
constant, the effective constants remain bounded and small as predicted by 
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the well known perturbative analysis of the model, which is asymptotically 
free in the ultraviolet regime [MW]. 

The derivative g|T 2p ((f>i, ■■■4>2 P ) can be written, using the expression 
( fTL23| ), as: 

Jtri A °(^ fa*) =Tr AA »(0 1 ,...,0 2p ) +LI%°{<f> 1 ,...,fa p ). (V.125) 



The first term Tr A ? Ao (0i, 4>2 P ) is the series obtained when the derivative 
falls on a tree line propagator (see Figure 23a): 
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(V.126) 






The second term Lr AAo (</>! 



Figure 23 
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is the series obtained when the deriva- 



tive falls on a loop line in the determinant (see Figure 23b): 



/ 

Jo<wi: 



n-1 



n,n',n"=0 
n-1 

n dw « 

9=1 



n 



'A 



iu(w) 



w(v') 



UK 



w(v") 



L 9=l 



60 



hf,h g \[i(f)=n(g) 



(V.127) 



where e(f,g) is a sign coming from the development of the determinant. 
The convergence proofs of course extend to both terms of equation ( |V.125 ). 



Indeed, in the first one, the sum over the tree lines is bounded by a factor 
n, and in the second one the sum is over the set of loop half-lines which is 
bounded by a factor n 2 . Therefore these sums cannot generate any factorial. 
Then we obtain the same bound as in (][V.114 ), with an additional factor 1/A. 



This factor disappears when, as usual, the renormalization group equations 
are written as derivatives with respect to log A rather than A. 

From these equations one can derive also equations for the flow of the 
effective constants defined in ([111.241) . For instance to obtain the flow of 



the effective coupling constant A which is the four-point vertex function at 
zero external momenta, we can use equations ( |V.125| )-( |V.127| ) in which we 



let (pi — > 5(0), 02, 03, 04 — ► 1- This is compatible with our Li-L^ bounds, 
so that everything remains bounded. We obtain in this way the famous 
continuous flow equation which gives the derivative of the coupling constant 
with respect to log A: 

AT £(0, 0, 0, 0) = — - -A A = /? 2 A A + 0(c 3 ) + A A 0(A" a ) (V.128) 



Slog A 4V ' ' ' ' <91ogA 
where 

(3 2 = -2{N - 1)/tt (V.129) 

is the first non trivial term corresponding to the four-point graph with one 
tree line and one loop line, and the last term A A 0(A _a ) is an infrared cor- 
rection to the asymptotic flow (see [FMRS]). The negative sign of /?2 is re- 
sponsible for the asymptotic freedom of the model. Similar equations hold 
for the flow of 5m and 5( (which remain bounded). For these equations up 
to one loop, see [MW] [GN] [GK] [FMRS]. For the computation up to two 
loops, we refer to [W]. 

From these renormalization group equations one can control the behavior 
of the effective constants and check that they remained bounded (until now 
this was assumed). The reader might be afraid that there is something 
circular in this argument. In fact this is not the case. Let us discuss for 
simplicity the massless case where the renormalized coupling f4 A °(0, 0, 0, 0) 
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is only a function of Ao/A and of the bare coupling A. We know that it is 
analytic at the origin as function of the bare coupling A [AR2]. Therefore 
from ( |V.125| )-( |V.128| ) it is for small bare A and A /A a monotone increasing 



function of the ratio A /A (although this function might blow up in finite 
time). 

Inverting the map from bare to renormalized couplings, one can prove 
that conversely for small renormalized coupling r4 A °(0, 0, 0, 0) all the effec- 
tive constants X w remain bounded by the renormalized one. Therefore one 
can pass to the ultraviolet limit Ao — > oo, in analogy with the complete- 
ness of flows of vector fields on compact manifolds. Furthermore one can 
compute the asymptotic behavior of the bare coupling which tends to as 
l/d/^l log(Ao/A))). Similar arguments hold for the mass and wave function 
effective constants and achieve the proof of Theorem 1. 

We recall for completeness that it is easy to build the Schwinger func- 
tions from the vertex functions and that the Osterwalder-Schrader axioms of 
continuous Euclidean Fermionic theories hold for the massive Gross-Neveu 
model at A = 0. The simplest proof is to remark that being the Borel sum 
of the renormalized expansion, the Schwinger functions we build are unique. 
Building them as limits of theories with different kinds of cutoffs prove the 
axioms since different sets of cutoffs violate different axioms [FMRS] . 
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